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Abstract. We shall obtain unobstructed deformations of four geomet-
ric structures: Calabi-Yau, HyperKa¨hler, G2 and Spin(7) structures in
terms of closed differential forms (calibrations). We develop a direct
and unified construction of smooth moduli spaces of these four geomet-
ric structures and show that the local Torelli type theorem holds in a
systematic way.
§0. Introduction
There has been considerable interest recently in Riemannian mani-
folds with vanishing Ricci tensor. The list of holonomy group of Ricci-
flat manifolds includes four interesting classes of the holonomy groups:
SU(n), Sp(m), G2 and Spin(7) [1]. The Lie group SU(n) arises as the
holonomy group of Calabi-Yau manifolds and Sp(m) is the holonomy
group of HyperKa¨hler manifolds. The exceptional Lie group G2 and the
Lie group Spin(7) respectively occur as the holonomy groups of 7 and 8
dimensional manifolds. There are many interesting common properties
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between these four geometries. One of the most remarkable property is
that the deformation spaces of these geometric structures are smooth,i.e.,
unobstructed. It is also intriguing that there are smooth moduli spaces
of these geometric structures, in which the local Torelli type theorem
hold, so that is, these moduli spaces are locally described in terms of
cohomology groups. Bogomorov, Tian and Todorov show that the de-
formation space (Kuranishi space) of Calabi-Yau structures is smooth by
using Kodaira-Spencer theory [2],[25],[27]. The moduli space of polar-
ized Calabi-Yau manifolds is constructed by Fujiki-Schmacher [8] from
complex geometric point of view. Joyce obtains smooth moduli spaces of
G2 and Spin(7) structures respectively [13],[14],[15]. The construction of
moduli spaces of G2 and Spin(7) structures are different from the one of
Calabi-Yau structures since G2 and Spin(7) manifolds are real manifolds,
in which we can not apply the deformation theory of complex manifolds.
Hitchin shows a significant and suggestive construction of deformation
spaces of Calabi-Yau structures on real 6 manifolds and G2 structures
on 7 manifolds [12]. It must be noted that these four geometries are
defined by certain closed differential forms on real manifolds. From this
point of view we shall obtain a direct and unified construction of smooth
moduli spaces of these geometric structures. In the case of Calabi-Yau
manifolds, we consider a real compact 2n manifold with a pair consist-
ing of a closed complex n form Ω and a symplectic form ω. We show
that a certain pair (Ω, ω) defines a Calabi-Yau metric ( Ricci-flat Ka¨hler
metric) on X. Hence the deformation space of Calabi-Yau metrics on X
arises as the deformation space of such pairs of closed forms (Ω, ω) (see
section 4-2 for precise definition of Calabi-Yau structures ). In section 1,
we discuss a general deformation theory of geometric structures defined
by closed differential forms. Let V be a real n dimensional vector space.
Then we consider the linear action ρ of G =GL(V ) on the direct sum of
skew-symmetric tensors,
ρ : GL(V )→ ⊕li=1End(∧piV ∗).
Let Φ0
V
= (φ01, φ
0
2, · · · , φ0l ) be an element of ⊕li=1 ∧pi V ∗. Then we have
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the G-orbit O = OΦ0
V
(V ):
OΦ0
V
(V ) = { ρgΦ0V = (ρgφ01, · · · , ρgφ0l ) ∈ ⊕li=1 ∧pi V ∗ | g ∈ G }.
Then the orbit O = OΦ0
V
is regarded as a homogeneous space G/H,
where H is the isotropy group. If the isotropy group H is a subgroup of
the orthogonal group O(V ) for a metric gV on V , we call O an metrical
orbit. Let X be a real n dimensional compact manifold. Then we define
a homogeneous space bundle AO(X)→ X by
AO(X) =
⋃
x∈X
OΦ0
V
(TxX).
Then we define EO(X) to be the set of global sections Γ(X,AO(X)). The
moduli space MO(X) is defined as the quotient
MO(X) = M˜O(X)/Diff0(X),
where
M˜O(X) = {Φ ∈ E(X) | dΦ = 0 }
and Diff0(X) denotes the identity component of diffeomorphisms of X.
Let Φ0 be an element of M˜
O
(X). Then we shall obtain a deformation
complex #Φ0 (see section 1):
Γ(E0)
d0−−−−→ Γ(E1) d1−−−−→ Γ(E2) d2−−−−→ · · ·
If #Φ0 is an elliptic complex, the orbit O is called an elliptic orbit (see
definition 1-1). As we shall show that this complex #Φ0 is a subcomplex
of the direct sum of de Rham complex (for simplicity we call this the de
Rham complex):
Γ(E0)
d0−−−−→ Γ(E1) d1−−−−→ Γ(E2) d2−−−−→ · · ·y y y
· · · d−−−−→ Γ(⊕i∧pi−1) d−−−−→ Γ(⊕i∧pi) d−−−−→ Γ(⊕i∧pi+1) d−−−−→ · · ·
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Hence we have the map pk from the cohomology group of the complex
#Φ0 to the cohomology group of the de Rham complex:
pk : Hk(#Φ0) −→ ⊕iHpi−1−kdR (X).
If the maps p1 and p2 are respectively injective for any Φ0 ∈ M˜O(X) on
every compact n dimensional manifold X, we call O a topological orbit.
Then we have the following theorems:
Theorem 1-8. If an orbit O is metrical, elliptic and topological, then
the corresponding moduli space M
O
(X) is a smooth manifold. ( In par-
ticular M
O
(X) is Hausdorff .) Further M
O
(X) has canonical coordi-
nates given by an open ball of the cohomology group H1(#Φ).
Since de Rham cohomology group is invariant under the action of
Diff0(X), we have the map
P : M
O
(X) −→ ⊕
i
HpidR(X).
Then we have
Theorem 1-9. If an orbit O is metrical, elliptic and topological, then
the map P is locally injective.
Further under the assumption that O is metrical, elliptic and topo-
logical we have
Theorem 1-11. Let M˜O(X) be the set of closed elements of E . We
denote by Diff(X) the group of diffeomorphisms of X. There is the action
of Diff(X) on M˜O(X). Then the quotient M˜O(X)/Diff(X) is an orbifold.
In order to obtain these theorems, we study the problem of obstruc-
tion to deformations in our situation. EO(X) is regarded as a infinite
dimensional homogenous space (a Hilbert manifold). Hence we have
the tangent space TΦ0EO(X) of EO(X). We denote by H the Hilbert
space consisting of closed forms in ⊕i∧pi Then the space M˜O(X) is
the intersection between the Hilbert space H and the Hilbert manifold
EO(X). We define an infinitesimal tangent space of M˜O by the intersec-
tion H ∩ TΦ0EO(X). Then we shall discuss if the infinitesimal tangent
space is regarded as the tangent space of actual deformations.
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Definition 1-6. A closed element Φ0 ∈ E(X) is unobstructed if there
exists an integral curve Φt(α) in M˜O(X) for each infinitesimal tangent
vector α ∈ H ∩ TΦ0EO(X) such that
d
dt
Φt(α)|t=0 = α
An orbit O is unobstructed if every Φ0 ∈ M˜O(X) is unobstructed for
any compact n dimensional manifold X
We shall prove the following criterion in section 2.
Theorem 1-7 ( Criterion of unobstructedness). We assume that
an orbit O is elliptic (see definition 1-1 in section one). If the map
p2 : H2(#Φ0) → ⊕iHpi+1DR (X) is injective, then Φ0 is unobstructed ( see
section 1 for p2).
At first we try to construct a deformation of calibrations as a for-
mal power series in t. Then we encounter obstructions to deformation
of calibrations. A primary obstruction is discussed in subsection 2-1,
which is given by a generalization of the Nijenhuis tensor (see subsec-
tion 2-0). If the primary obstruction vanishes, then we have the second
obstruction. Successively we have higher obstructions to deformations.
Explicit description of higher obstructions are given in subsection 2-2.
In subsection 2-3, we prove our criterion of unobstructedness (Theorem
1-5). If the criterion holds, then all obstruction vanish simultaneously.
Hence we have a deformation of calibrations as a formal power series
in t. Further we prove the power series uniformly converges. Section 3
is devoted to prove main theorems. Our discussion is based on [7] and
[22]. We have a smooth family of closed forms SΦ0 , which is given by the
deformation space in section 2. The injectivety of the map p1 is essential
to show that SΦ0 gives coordinates of the moduli space MO(X) in sub-
section 3-2. We also obtain the Hausdorff property of the moduli space
in subsection 3-3. We will give the proof of theorems in subsection 3-4.
In section 4, 5, 6 and 7 we shall show that Calabi-Yau, HyperKa¨hler, G2
and Spin(7) structures are metrical, elliptic and topological respectively.
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In section 4-1 we define an SLn(C) structure as a certain complex form
Ω, which defines the almost complex structure IΩ with trivial canonical
line bundle. Then the integrability of the almost complex structure IΩ
is given by a closeness of the complex differential form Ω. We show that
the orbit of SLn(C) structures is elliptic and satisfies the criterion. In
section 4-2, we define a Calabi-Yau structure as a certain pair consisting
SLn(C) structure Ω and a real symplectic form ω. Then we prove that
the orbit corresponding to a Calabi-Yau structure is elliptic and topologi-
cal. Hence we obtain the smooth moduli space of Calabi-Yau structures.
A reference of Calabi-Yau manifolds is [1]. Our primary obstruction
of SLn(C) structures corresponds to the one of Kodaira-Spencer the-
ory. Then our result is regarded as another proof of unobstructedness
by using calibrations. Our direct proof reveals a geometric meaning of
unobstructed deformations. ( we do not use Calabi-Yau’s theorem to
obtain a smooth deformation space of Calabi-Yau structures). It must
be noted that Kawamata and Ran give algebraic proof of unobstructed
deformations.)[16],[23]. In section 5, we show the orbit corresponding to
a HyperKa¨hler structure is also elliptic and topological. In section 6 and
7 we discuss G2 and Spin (7) structures respectively.
§1. Moduli spaces of calibrations
Let V be a real vector space of dimension n. We denote by ∧pV ∗ the
vector space of p forms on V . Let ρp be the linear action of G =GL(V )
on ∧pV ∗. Then we have the action ρ of G on the direct sum ⊕i ∧pi V ∗
by
ρ : GL(V ) −→ ⊕li=1End(∧piV ∗),
ρ = (ρp1 , · · · , ρpl).
We fix an element Φ0
V
= (φ01, φ
0
2, · · · , φ0l ) ∈ ⊕i ∧pi V ∗ and consider the
G-orbit O = OΦ0
V
through Φ0
V
:
OΦ0
V
= {ΦV = ρgΦ0V ∈ ⊕i ∧pi V ∗ | g ∈ G }
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The orbit OΦ0
V
can be regarded as a homogeneous space,
OΦ0
V
= G/H,
where H is the isotropy group
H = { g ∈ G | ρgΦ0V = Φ0V }.
We denote by AO(V ) = A(V ) the orbit OΦ0
V
= G/H. The tangent space
E1(V ) = TΦ0
V
A(V ) is given by
E1(V ) = TΦ0
V
A(V ) = { ρξΦ0 ∈ ⊕i ∧pi V ∗ | ξ ∈ g },
where ρ denotes the differential representation of g. The vector space
E1(V ) is the quotient space g/h. We also define a vector space E0(V )
by the interior product,
E0(V ) ={ ivΦ0V = (ivφ01, · · · , ivφ0l ) ∈ ⊕i ∧pi−1 V ∗ | v ∈ V }.
E2(V ) is define as a vector space spanned by the following set,
E2(V ) = Span{α ∧ ivΦ0V ∈ ⊕i ∧pi+1 V ∗ |α ∈ ∧2V ∗, ivΦ0 ∈ E0(V ) }.
We also define Ek(V ) for k ≥ 0 by
Ek(V ) = Span{β ∧ ivΦ0V ∈ ⊕i ∧pi+k−1 V ∗ |β ∈ ∧kV ∗, ivΦ0V ∈ E0(V ) }.
Let{e1, · · · , en} be a basis of V and {θ1, · · · , θn } the dual basis of V ∗.
Then we see that ρξΦ
0
V
is written as
ρξΦ
0
V
=
∑
ij
ξji θ
j ∧ ieiΦ0V ,
where ξ =
∑
ij ξ
i
jθ
j ⊗ ei and iei denotes the interior product. Hence we
have the graded vector space E(V ) = ⊕kEk(V ) generated by E0(V ) over
∧∗V ∗. Then we have the complex by the exterior product of a nonzero
u ∈ V ∗,
E0(V )
∧u−−−−→ E1(V ) ∧u−−−−→ E2(V ) ∧u−−−−→ · · · .
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Definition 1-1(elliptic orbits). An orbit OΦ0
V
is an elliptic orbit if
the complex
E0(V )
∧u−−−−→ E1(V ) ∧u−−−−→ E2(V ) ∧u−−−−→ · · · .
is exact for any nonzero u ∈ V ∗. In other words, if α ∧ u = 0 for
α ∈ Ek(V ), then there exists β ∈ Ek−1(V ) such that α = β ∧ u for
k = 1, 2.
Remark. If α∧u = 0, then we have α = β∧u for some β ∈ ⊕i∧pi−1 since
the de Rham complex is elliptic. However β is not an element of E0(V )
in general, (Note that E0(V ) is a subspace of ⊕i∧pi−1). For instance,
we take Φ0
V
as a real symplectic form ω on a real 2n dimensional vector
space V . Then E0 = ∧1 and E1 = ∧2. Hence OΦ0
V
is elliptic. However
if Φ0
V
is a degenerate 2 form on V , i.e., ωn = 0, then OΦ0
V
is not elliptic.
Definition 1-2(metrical orbits). Let OΦ0
V
be an orbit as before. An
orbit OΦ0
V
is metrical if the isotropy group H is a subgroup of O(V ) with
respect to a metric gV on V .
LetX be a compact real manifold of dimension n. We define AO(TxX)
by using an identification h : TxX ∼= V . The subspace AO(TxX) ⊂
⊕i ∧pi T ∗xX is independent of a choice of an identification h. Hence we
define the G/H−bundle A(X)(= AO(X)) by
AO(X) =
⋃
x∈X
A(TxX) −→ X.
We denote by E(= E(X)) the set of C∞ global sections of A(X),
E(X) = Γ(X,A(X)).
Let Φ0 be a closed element of E . Then we have the vector spaces
Ek(TxX) for each x ∈ X and k ≥ 0. We define the vector bundle
Ek
X
(= Ek) over X as
Ek
X
:=
⋃
x∈X
Ek(TxX) −→ X.
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for each k ≥ 0. (Note that the fibre of E1 is g/h.) Then we define the
graded module Γ(E) over Γ(∧∗) as ⊕kΓ(Ek), where Γ denotes the set of
global C∞ sections and ∧p is the sheaf of germs of smooth p forms on
X.
Theorem 1-3. Γ(E) is the differential graded module in ⊕kΓ(⊕i∧pi+k−1)
with respect to the exterior derivative d.
Proof. Since Γ(E) is the graded module generated by Γ(E0), it is suffices
to prove that divΦ
0 is an element of Γ(E1) for v ∈ Γ(TX). We denote
by Diff(X) the group of diffeomorphisms of X. Then there is the action
of Diff(X) on differential forms on X and we see that E(X) is invariant
under the action of Diff(X). An element of Γ(E0) is given as ivΦ
0 =
(ivφ1, · · · , ivφl), where v ∈ Γ(TX). Since Φ0 is closed, we have
divΦ
0 = LvΦ
0.
The vector field v generates the one parameter group of transformation
ft. Then LvΦ
0 = d
dt
f∗t Φ
0|t=0. Since E(X) is invariant under the ation
of Diff(X), f∗t (Φ
0) ∈ E(X). Since the tangent space of E at Φ0 is Γ(E1),
LvΦ
0 ∈ Γ(E1). Hence divΦ0 ∈ Γ(E1). From definition of Ek(V ), we see
that da ∈ Γ(Ek) for all a ∈ Γ(Ek−1) for all k. 
Then from theorem 1-3, we have a complex #Φ0
(#Φ0) Γ(E0)
d0−−−−→ Γ(E1) d1−−−−→ Γ(E2) d2−−−−→ · · · ,
where Γ(Ei) is the set of C∞ global sections for each vector bundle and
di = d|Ei for each i = 0, 1, 2. The complex #Φ0 is a subcomplex of the
direct sum of the de Rham complex (For simplicity, we call this complex
the de Rham complex):
Γ(E0)
d0−−−−→ Γ(E1) d1−−−−→ Γ(E2) d2−−−−→ · · ·y y y
· · · d−−−−→ Γ(⊕i∧pi−1) d−−−−→ Γ(⊕i∧pi) d−−−−→ Γ(⊕i∧pi+1) d−−−−→ · · · .
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If O is an elliptic orbit, the complex #Φ0 is an elliptic complex for all
closed Φ0 ∈ E1 on any n dimensional compact manifold X ( Note that
the complex in definition 1-1 is the symbol complex of #Φ0 ). Then
we have a finite dimensional cohomology group Hk(#Φ0) of the elliptic
complex #Φ0 . Since #Φ0 is a subcomplex of deRham complex, there is
the map pk from the cohomology group of the complex #Φ0 to de Rham
cohomology group:
pk : Hk(#Φ0) −→ ⊕
i
Hpi−k+1(X,R).
where
Hk(#Φ0) = {α ∈ Γ(Ek) | dkα = 0 }/{ dβ |β ∈ Γ(Ek−1) }.
Definition 1-4 (Topological calibrations and topological orbits). A
closed element Φ0 ∈ E(X) is a topological calibration if the map
pk : Hk(#Φ0) −→ ⊕
i
Hpi+k−1(X,R)
is injective for k = 1, 2. An orbit O in ⊕i ∧pi V ∗ is topological over a
manifold X if any closed element of E(X) is a topological calibration. An
orbit O is topological if O is topological over any compact n dimensional
manifold X.
Lemma 1-5. Let O be a metrical orbit and Φ0 an element of E =
Γ(X,A
O
(X)). Then there is a canonical metric gΦ0on X corresponding
to each Φ0.
Proof. The orbit O is defined in terms of Φ0V ∈ ⊕i∧pi V ∗ on V . We also
have Φ0(x) ∈ A(TxX) on each tangent space TxX. Let Isom(V, TxX)
be the set of isomorphisms between V and TxX. Then define Hx by
Hx = {h ∈ Isom(V, TxX) |Φ0V = h∗Φ0(x) }.
Then we see that Hx is isomorphic to the isotropy groupH. h∗gV defines
the metric on the tangent space TxX for h ∈ Hx. Since H is a subgroup
of O(V ), the metric h∗gV does not depend on a choice of h ∈ Hx. 
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Let O be an orbit in ⊕i ∧pi V ∗ . Then we define the moduli space
M
O
(X) by
M
O
(X) = {Φ ∈ E | dΦ = 0 }/Diff0(X),
where Diff0(X) is the identity component of the group of diffeomor-
phisms for X. We denote by M˜
O
(X) the set of closed elements in E :
M˜O(X) = {Φ ∈ E(X) | dΦ = 0 }.
We have the natural projection pi : M˜
O
(X) → M
O
(X). Let Φ0 be an
element of M˜
O
(X). As we shall show in section 2, E(X) is regarded as
a infinite dimensional homogenous space (a Hilbert manifold). Hence
we have the tangent space TΦ0E(X). We denote by H the Hilbert space
consisting of closed forms. Then the space M˜O(X) is the intersection
between the Hilbert space H and the Hilbert manifold E(X). We define
an infinitesimal tangent space of M˜O by the intersection H∩TΦ0E . Since
TΦ0E(X) = E1, the infinitesimal tangent space is written as
H ∩ TΦ0E(X) = H ∩E1.
Then we shall discuss if the infinitesimal tangent space is regarded as
the tangent space of actual deformations.
Definition 1-6. A closed element Φ0 ∈ E(X) is unobstructed if there
exists an integral curve Φt(a) in M˜(X) for each a ∈ H ∩ E1 such that
d
dt
Φt(a)|t=0 = a
An orbit O is unobstructed if any Φ0 ∈ M˜O(X) is unobstructed for
any compact n dimensional manifold X. (see section 2 for the precise
statement with respect to Sobolev norms.)
The following figures (i),(ii) and (iii) explain our situation well. If the
Hilbert space H is in a generic position, the intersection M˜(X) = E∩H is
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smooth and every element Φ0 is unobstructed (see figure (i)). However
if H is in a special position, M˜(X) may be singular. (see figure (ii)).
Then the infinitesimal tangent space may not gives actual deformations.
In figure (ii), the point p is singular and the infinitesimal tangent space
at p coincides with H. Figure (iii) shows this problem is subtle. The
intersection E is a line and it seems to be non-singular. However the
infinitesimal tangent space is H at each point, which is obstructed.
figure(i) figure(ii) figure(iii)
We shall prove the following theorems in section 2.
Theorem 1-7 ( Criterion of unobstructedness). We assume that
an orbit O is elliptic. If the map p2 : H2(#Φ0)→ ⊕iHpi+1DR (X) is injec-
tive, then Φ0 is unobstructed.
We shall prove the following theorems in section 3.
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Theorem 1-8. If an orbit O is metrical, elliptic and topological, then
the corresponding moduli space M
O
(X) is a smooth manifold. ( In par-
ticular M
O
(X) is Hausdorff .) Further M
O
(X) has canonical coordi-
nates given by an open ball of the cohomology group H1(#Φ).
Since de Rham cohomology group is invariant under the action of
Diff0(X), we have the map
P : M
O
(X) −→ ⊕
i
HpidR(X).
Then we have
Theorem 1-9. If an orbit O is metrical, elliptic and topological, then
the map P is locally injective.
Further under the assumption that O is metrical, elliptic and topo-
logical we have
Theorem 1-10. Let I(Φ) be the isotropy group,
I(Φ) = { f ∈ Diff0(X) | f∗Φ = Φ }.
Then there is a sufficiently small slice SΦ0 at Φ
0 such that the isotropy
group I(Φ0) is a subgroup of I(Φ) for each Φ ∈ SΦ0 ,i.e.,
I(Φ0) ⊂ I(Φ).
(Our definition of the slice will be given in section 2 and 3.)
Theorem 1-11. Let M˜O(X) be the set of closed elements of E1. We
denote by Diff0(X) the group of diffeomorphism of X. There is the
action of Diff0(X) on M˜O(X). Then the quotient M˜O(X)/Diff0(X) is
an orbifold.
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§2. Deformations of calibrations
§2-0 Preliminary results. Let X be a manifold and we denote by
∧∗ the differential forms on X. Let P be a linear operator acting on
∧∗. Then the operator P : ∧∗ → ∧∗ is a derivative if P satisfies the
followings:
P (s+ t) = P (s) + P (t),
P (s ∧ t) = P (s) ∧ t+ s ∧ P (t),
where s, t ∈ ∧∗. An anti-derivative Q is also a linear operator defined
by the following:
Q(s+ t) = Q(s) +Q(t),
Q(s ∧ t) = Q(s) ∧ t+ (−1)|s|s ∧Q(t),
where |s| denotes the degree of a differential form s. Then the exterior
derivative d is the anti-derivative and the differential representation ρˆa
is a derivative for each a ∈End(TX).
Lemma 2-0-1. The commutator [ρˆa, d] = ρˆa ◦ d − d ◦ ρˆa is the anti-
derivative. We denote by La the commutator [ρˆa, d].
Proof. In general the commutator of a derivative P and an anti-derivative
Q is an anti-derivative if Q preserves degrees of differential forms.
The operator La is regarded as a generalizations of the Lie derivative.
Indeed we have
Lemma 2-0-2. The commutator La is expressed as
La : ∧n −→ ∧n+1,
Laη(u0, u1, · · · , un) =
n∑
i=0
(−1)iLa uiη (u0, u1,
iˇ· · ·, un),
−
∑
i<j
(−1)i+jη(a[ui, uj ], u0, iˇ jˇ· · · · · ·, un)
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where η is an n form and a ∈End(TX) maps a vector ui to aui ∈ TX
and we denote by Laui the ordinary Lie derivative.
Proof. It is sufficient to show the lemma with respect to vectors {ui}
satisfying [ui, uj ] = 0. Then we have
(ρˆadη)(u0, · · · un) =
∑
i
(−1)i(iauidη)(u0,
iˇ· · ·, un)
(dρˆaη)(u0, · · · , un) = −
∑
i
(−1)i(diauiη)(u0,
iˇ· · ·, un).
Hence from Laui = diaui + iauid, we have the result.
we also have a description of the commutator between La and ρˆa,
Lemma 2-0-3.
[La, ρˆb] = iN(a,b) − Lab,
where a, b ∈End(TX) ∼= ∧1 ⊗ T and a tensor N(a, b) ∈ ∧2 ⊗ T is given
by the following
N(a, b)(u, v) =ab[u, v] + ba[u, v] + [au, bv] − [av, bu]
−a[bu, v] + a[bv, u] − b[au, v] + b[av, u],
for u, v ∈ TX, and iN(a,a) is the composition of the interior product and
the wedge product of the tensor N(a, a) ∈ ∧2 ⊗ TX.
Remark. The tensor N(a, b) is a generalization of the Nijenhuis tensor.
Proof of lemma 2-0-3. For a, b ∈End(TX), we have the tensor N(a, b) ∈
∧2 ⊗ TX. Then iN(a,b) is the linear operator from ∧∗ → ∧∗+1. We
see that iN(a,b) is an anti-derivative. By lemma 2-0-1, Lab is an anti-
derivative, where ab denotes the composition of endmorphisms. As in
proof of lemma 2-0-1, the commutator [La, ρˆa] is also an anti-derivative.
Hence it sufficient to show that the identity in lemma 2-0-3 for functions
and 1 forms. For a function f , we have [La, ρˆa]f = −ρˆaLaf = −La2f .
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Since iN(a,b)f = 0, we have the identity. For a one form θ by lemma
2-0-2, we have
Laρˆbθ(u, v) =(Lauρˆbθ)(v) − (Lav ρˆbθ)(u) + ρˆbθ(ρˆa[u, v])
=au(ρˆbθ(v)) − av(ρˆaθ(u)) + θ(ba[u, v])
−ρˆbθ([au, v]) + ρˆbθ([av, u]).
ρˆbLaθ(u, v) =(Laθ)(ρˆbu, v) + (Laθ)(u, ρˆbv)
=(Labuθ)(v) − (Lavθ)(ρˆbu) + θ(a[bu, v])
+(Lauθ)(ρˆbv)− (Labvθ)(u) + θ(a[u, bv])
=(abu)(θv) − (av)(θ(bu)) + θ(a[bu, v])
−θ([abu, v]) + θ([av, bu]) + θ(a[u, bv])
+(au)θ(bv) − (abv)θ(u)
−θ([au, bv]) + θ([abv, u])
Hence the commutator is given by
[La, ρˆb]θ(u, v) =− (abu)(θv) + θ([abu, v]) + (abv)θ(u) − θ([abv, u])
+θ(ba[u, v]) + θ([au, bv]) − θ([av, bu])
−θ(a[bu, v]) + θ(a[bv, u]) − θ(b[au, v]) + θ(b[av, u])
=− Labθ(u, v) + iN(a,b)θ

Lemma 2-0-4. We assume that Φ and ρˆaΦ are closed forms respec-
tively. Then dρˆaρˆaΦ is an element of Γ(E
2).
Proof.
dρˆaρˆaΦ =ρˆadρˆaΦ− LaρˆaΦ = −LaρˆaΦ
=− ρˆaLaΦ− iN(a,a)Φ+ La2φ.
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Since LaΦ = ρˆadΦ− dρˆaΦ = 0, we have
dρˆaρˆaΦ = −iN(a,a)Φ+ La2Φ.
Since N(a, a) ∈ ∧2⊗ T ∼= ∧1⊗End(TX), then it follows from our defini-
tion of E2 that
iN(a,a)Φ ∈ Γ(E2).
Since La2Φ = −dρˆa2Φ ∈ dΓ(E1) ⊂ Γ(E2). Hence we have the result. 
We denote by G = G(a, a) the operator iN(a,a) − La2 . Then we
consider the commutator [ρˆa, G(a, a)]. For simplicity we write this by
AdρˆaG(a, a)(= AdρˆaG),
AdρˆaG(a, a) = [ρˆa, G(a, a)].
The kth composition of commutator is denoted by
AdkρˆaG = [ρˆa, [ρˆa, · · · [ρˆa, G(a, a)], · · · ]],
where AdρˆaG(a, a) acts on differential forms.
Lemma 2-0-5. AdkρˆaG(a, a)Φ
0 is an element of Γ(E2).
Proof. At first we consider AdρˆaG(a, a)Φ
0. By lemma 2-0-3, we have
AdρˆaG(a, a)Φ
0 =[ρˆa, G(a, a)]Φ
0
=[ρˆa, iN(a,a)]Φ
0 − [ρˆa, La2 ]Φ0
=[ρˆa, iN(a,a)]Φ
0 +G(a2, a)Φ0.
Since N(a2, a) ∈ ∧1⊗End(TX), as in lemma 2-0-4, G(a2, a)Φ0 is an
element of Γ(E2). We see that [ρˆa, iN(a,a)] is give by the interior prod-
uct of the tensor ρˆa(N(a, a)) ∈ ∧1⊗End(TX), where ρˆa acts on the
tensor N(a, a). Hence [ρˆa, iN(a,a)]Φ
0 is an element of Γ(E2). Therefore
AdρˆaG(a, a)Φ
0 ∈ Γ(E2). By induction, we see that AdkρˆaG(a, a)Φ0 is an
element of Γ(E2). 
18 RYUSHI GOTO
§2-1 Primary obstruction. In this section we use the same notation
as in section 1 and subsection 2-0. The references for analytic tools are
found in [7],[9],[18],and [19]. Let X be a real n dimensional compact
manifold. We fix a Riemannian metric g on X. (Note that this metric
does not depend on calibration Φ.) We denote by C∞(X,∧p) the set of
smooth p forms on X. Let L2s(X,∧p) be the Sobolev space and suppose
that s > k + n
2
., i.e., the completion of C∞(X,∧p) with respect to the
Sobolev norm ‖ ‖s, where k is sufficiently large ( see [9] for instance).
Then we have the inclusion L2s(X,∧p) −→ Ck(X,∧n). We define Es by
(2-1-1) Es = Ck(X,AO(X)) ∩ L2s(X,⊕li=1∧pi).
Then we have
Lemma 2-1-1. Es is a Hilbert manifold (see [19] for Hilbert manifolds
). The tangent space TΦ0Es at Φ0 is given by
TΦ0Es = L2s(X,E1).
Proof. We denote by exp the exponential map of Lie groupG =GL(n,R).
Then we have the map kx
(2-1-2) kx : E
1(TxX) −→ A(TxX),
by
(2-1-3) kx(ρˆξΦ
0(x)) = ρexp ξΦ
0(x).
for each tangent space TxX. From 2-1-2, we have the map k
(2-1-4) k : L2s(E
1) −→ Es,
by
k|E1(TxX) = kx.
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The map k defines local coordinates of Es. 
Let GL(TX) be the group of gauge transformations, i.e., for g ∈GL(TX)
we have the diagram:
TX
g−−−−→ TXy y
X
id−−−−→ X
An element g ∈GL(TX) acts on EO(X) by
Φ 7→ ρg(Φ)
The tangent space TΦ0E(X) is given by E1(X),
E1(X) = { ρˆaΦ0 | a ∈ End(TX) }
where ρˆ is the differential representation of ρ. We denote by H(TX)
be the gauge transformations with structure group H, i.e., the isotropy
group. Then by lemma 2-1-1, E is regarded as the infinite dimensional
homogenous space GL(TX)/H(TX). Let H be the closed subspace of
L2s(X,⊕li=1∧pi) consisting of closed forms. Then M˜s(X) is the intersec-
tion between E and H. The image dE0(X) is given by
dE0(X) = { divΦ0 = LvΦ0 | v ∈ TX },
where Lv is the Lie derivative with respect to v ∈ TX. Hence the co-
homology H1(#) of the complex #Φ0 is considered as the infinitesimal
tangent space of the moduli space M(X) = M˜(X)/Diff0(X). However,
the moduli space may not be a manifold in general. This is because the
infinitesimal tangent space may not be exponentiate the actual defor-
mations. Then there exists an obstruction. This is a general problem of
deformation. In our situation, we must study the intersection E ∩H. In
order to obtain a deformation space, we shall construct a deformation of
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Φ0 in terms of a power series in t. We consider a formal power series in
t:
(2-1-5) a(t) = a1t+
1
2!
a2t
2 +
1
3!
a3t
3 + · · · ∈ End(TX)[[t]],
where ak ∈ End (TX). We define a formal power series g(t) by,
g(t) = exp a(t) ∈ GL(TX)[[t]]
For simplicity, we put a = a(t). The gauge group GL(TX) acts on dif-
ferential forms by ρ. This action ρ is written in terms of the differential
representation ρˆ,
ρg(t)Φ
0 =Φ0 + ρˆaΦ
0 +
1
2!
ρˆaρˆaΦ
0 +
1
3!
ρˆaρˆaρˆaΦ
0 + · · ·
=Φ0 + ρˆa1Φ
0t+
1
2
(ρˆa2Φ
0 + ρˆa1 ρˆa1Φ
0)t2 + · · · ,(2-1-6)
where ρˆ is just written as
ρˆa(t)Φ
0 =
∞∑
k=1
1
k!
ρˆakΦ
0tk.
The equation what we want to solve is ,
(eq∗) dρg(t)Φ
0 = 0.
We must find a power series a = a(t) satisfying the condition (eq∗). At
first we take a1 such that dρˆa1Φ
0 = 0. Then it remains to determine
a2, a3, · · · satisfying (eq∗). dρg(t)Φ0 is written as a power series,
dρg(t)Φ
0 =
∑
k=1
1
k!
dRkt
k,(2-1-7)
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where Rk denotes the homogenous part of degree k. Hence the equality
dρg(t)Φ
0 = 0 is reduced to the system of infinitely many equations
(eqk) dRk = 0, k = 1, 2, · · ·
By our assumption dρˆa1Φ
0 = 0, we already have dR1 = 0 (see (2-1-6)).
Thus in order to obtain a(t), it suffices to determine ak satisfying (eqk)
by induction on k. By (2-1-6), the term of the second order dR2 is given
as
(2-1-8) dR2 =
1
2!
(
dρˆa2Φ
0 + dρˆa1 ρˆa1Φ
0
)
We denote by Ob2(a1) the quadratic term,
(2-1-9) Ob2(a1) =
1
2!
(dρˆa1 ρˆa1Φ
0)
Then by lemma 2-0-4 in section 2-0, Ob2 is an element of Γ(E
2), which
is explicitly written as
(2-1-10) Ob2(a1) = − 1
2!
(−iN(a1,a1) + La21)Φ0,
Since Ob2(a1) is a d-closed form, this defines a representative of the
cohomology group H2(#). In order to determine a2 satisfying dR2 = 0,
we must solve the equation,
(eq2)
1
2!
dρˆa2Φ
0 = −Ob2(a1).
The L.H.S of (eq2) cohomologically vanishes in H
2(#). Hence if the class
[Ob2(a1)] ∈ H2(#) does not vanishes, there exists no solution a2 of eq2
and no deformation with a1. In this sense we call the class [Ob2(a1)]
the obstruction to deformation of Φ0 ( the primary obstruction ). If
[Ob2(a1)] vanishes, then we have a solution a2 by
(2-1-11)
1
2!
ρˆa2Φ
0 = −d∗1G#(Ob2(a1)),
where G# denotes the Green operator of the complex #. It is quite re-
markable that the representative Ob2(a1) is d-exact form. Hence Ob2(a)
is in kernel of the map p2 : H2(#) → ⊕iHpi+1(X). Hence we obtain a
nice criterion of unobstructedness.
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Theorem 2-1-2. If the map p2 : H2(#) → ⊕iHpi+1(X) is injective,
The obstruction class [Ob2(a1)] vanishes.
§2-2 Higher obstructions
Similarly we obtain infinitely many obstructions to deformation of Φ0.
We define an operator G(a, a) on ∧∗ by
(2-2-1) G(a, a) = iN(a,a) − La2 ,
where a = a(t) ∈End(TX)[t]. We denote its kth homogenous part by
G(a, a)k. Then by lemma 2-0-4, we have
(2-2-2) Ob2(a1) = − 1
2!
G(a, a)2.
We assume that a1, a2, · · · ak−1 are determined satisfying dR1 = 0, dR2 =
0, · · · , dRk−1 = 0. Then dRk is written as a d-exact form:
(2-2-3) dRk = dρˆakΦ
0 +
k∑
l=2
1
l!
(dρˆla)kΦ
0,
where (dρˆla)k denotes the k th homogeneous part of dρˆ
l
a. We define
Obk(a<k) as
∑k
l=2
1
l! (dρˆ
l
a)kΦ
0, where a<k = a1t+
1
2!a2t
2+· · ·+ 1(k−1)!ak−1tk−1.
Then we have
Proposition 2-2-1.
dRk =
1
k!
dρˆakΦ
0 +Obk(a<k),
where Obk is written as
Obk(a)=
(
− 12!G(a,a)Φ
0+ 13! [ρˆa,G(a,a)]Φ
0−···+(−1)k−1 1
k! [ρˆa,[··· ,[ρˆa,G(a,a)]]··· ]
)
k
Φ0
=(f(Adρˆa)G(a, a))k Φ
0,
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where f(x) is a convergent sequence,
(2-2-3) f(x) = − 1
2!
+
1
3!
x− 1
4!
x2 − · · · = −e
−x − 1 + x
x2
and Adρˆa is the adjoint operator [ρˆa, ]. Substituting Adρˆa into f(x), we
have an operator f(Adρˆa). The higher obstruction Obk consists of com-
mutators. Hence Obk = (f(Adρˆa)G(a, a))kΦ
0 is essentially the interior
product of Φ0 in terms of the tensors of type ∧2 ⊗ T . Hence we see that
Obk(a<k) ∈ E2.
Proof. In the case k = 1 we have the proposition. We shall prove the
proposition by induction on k. We assume that proposition holds for all
l < k. Then we have
(2-2-4) dRl = −(La)lΦ0 + (f(Adρˆa)G(a, a))l Φ0.
We put (La)<k as
(La)<k =
k−1∑
l=2
(La)l.
If dRl = 0 (l < k), from our assumption we have
(La)<kΦ
0 =− (f(Adρˆa)G(a, a))<k Φ0
=
(
− 1
2!
G(a, a) +
1
3!
[ρˆa, G(a, a)] − 1
4!
[ρˆa, [ρˆa, G(a, a)]] + · · ·
)
<k
Φ0.
=
k∑
l=2
(−1)l−1 1
l!
(Adl−2ρˆa G(a, a))<kΦ
0
(2-2-5)
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Then by using lemma 2-0-3, we have
d(ρea)kΦ
0 =
k∑
l=1
1
l!
(dρˆla)kΦ
0
=− (La)kΦ0 − 1
2!
(G(a, a) + 2ρˆaLa)kΦ
0
− 1
3!
(G(a, a)ρˆa + 2ρˆaG(a, a) + 3ρˆaρˆaLa)kΦ
0
− 1
4!
(G(a, a)ρˆaρˆa + 2ρˆaG(a, a)ρˆa + 3ρˆaρˆaG(a, a) + 4ρˆaρˆaρˆaLa)kΦ
0 − · · · .
(2-2-6)
Since the degree of a = a(t) is greater than or equal to one, we have
(2-2-7) (ρˆma La)k = (ρˆ
m
a (La)<k)k,
for a positive integer m. Hence from (2-2-7), we substitute (2-2-5) into
(2-2-6) and we have
d(ρea)kΦ
0 = −(La)kΦ0 − 1
2!
G(a, a)kΦ
0
− 1
2!
2(ρˆa(− 1
2!
G(a, a) +
1
3!
AdρˆaG(a, a) + · · · ))kΦ0
− 1
3!
(G(a, a)ρˆa + 2ρˆaG(a, a))kΦ
0 − 1
3!
3(ρˆaρˆa(− 1
2!
G(a, a) + · · · ))kΦ0 − · · · .
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Then we calculate each homogeneous part with respect to a and we have
d(ρea)kΦ
0 = −(La)kΦ0 − 1
2!
G(a, a)kΦ
0
+ (
2
2!2!
ρˆaG(a, a)− 2
3!
ρˆaG(a, a)− 1
3!
G(a, a)ρˆa)kΦ
0
+ (− 2
2!3!
ρˆa[ρˆa, G(a, a)] +
3
3!2!
ρˆaρˆaG(a, a))kΦ
0
+
1
4!
(−G(a, a)ρˆaρˆa − 2ρˆaGG(a, a)ρˆa − 3ρˆaρˆaG(a, a)))kΦ0 + · · ·
=− (La)kΦ0 − 1
2!
G(a, a)kΦ
0 +
1
3!
[ρˆa, G(a, a)]kΦ
0
+ (− 1
4!
G(a, a)ρˆaρˆa + (
−2
4!
+
2
3!2!
)ρˆaGρˆa + (
−3
4!
+
3
3!2!
− 2
3!2!
)ρˆaρˆaG)kΦ
0 + · · ·
=− (La)kΦ0 − 1
2!
G(a, a)kΦ
0 +
1
3!
[ρˆa, G(a, a)]kΦ
0 − 1
4!
[ρˆa, [ρˆa, G(a, a)]]kΦ
0 + · · ·
=− (La)kΦ0 +
k∑
l=2
(−1)l−1 1
l!
Adl−2ρˆa G(a, a)kΦ
0

We determine ak such that
(eqk)
1
k!
dρˆakΦ
0 = −Oba(a<k)
In order that there exists a solution of eqk, it is necessary that [Obk] =
0 ∈ H2(#). If [Obk] = 0, we define ak by
(2-2-8)
1
k!
ρˆakφ
0 = −d∗1G#(Obk(a<k)).
Since Obk(a<k) is d-exact, then we also have a criterion,
Theorem 2-2-2. If p2 is injective, then Obk(a<k) vanishes for all k.
Thus we construct a power series a(t) satisfying dρg(t)Φ
0 = 0. Next
we must prove that this power series a(t) converges for sufficiently small
t.
26 RYUSHI GOTO
§2-3 the convergence
We rewrite definition 1-6 by using the Sobolev norm.
Definition 1-6. A closed element Φ0 ∈ Es(X) is unobstructed if there
exists an integral curve Φt(a) in M˜s(X) for each a ∈ Es ∩H such that
d
dt
Φt(a)|t=0 = a
An orbit O is unobstructed if any Φ0 ∈ M˜s(X) is unobstructed for every
compact n dimensional manifold X
The rest of this subsection is devoted to the proof theorem 1-7 (
criterion of unobstructedness). Our method is similar to the one of the
Kodaira-Spencer theory. (See the extremely helpful book by Kodaira
[18] for technical details.)
Proof of theorem 1-7. We already have a formal power series a(t) such
that
dρg(t)Φ
0 = 0.
Hence it is sufficient to prove that a(t) uniformly converges with respect
to the Sobolev norm ‖ ‖s. Since (La)kΦ0 = LakΦ0 = −dρˆakΦ0 and
dRk = 0, ak satisfies
(2-3-1) − 1
k!
dρˆakΦ
0 = Obk.
As in section 2-2, Obk is an element of Γ(E
2). Obk is also written as
(2-3-2) Obk =
1
2!
dρˆ2a<kΦ
0 + · · ·+ 1
(k − 1)!dρˆ
k−1
a<k
Φ0
By (2-3-2), we see thatObk is an exact form. Hence if the map p
2 : H2(#)→
⊕iHpi+1(X) is injective, then the class [Obk] ∈ H2(#) vanishes. Hence
we obtain a solution of the equation (2-3-1) by
(2-3-3)
1
k!
ρˆakΦ
0 = −d∗1G#(Obk) ∈ E1.
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We assume that ak belongs to the orthogonal complement of the Lie
algebra of the isotropy group H. Hence ak is defined uniquely by ρˆakΦ
0
and we have the estimate
(2-3-4) ‖ak‖s = C1‖ρˆakΦ0‖s
Hence by (2-3-3), we have a formal power series,
a =
∞∑
k=1
1
k!
akt
k.
Given two power series P (t) =
∑
k pkt
k and Q(t) =
∑
k qkt
k, if pk < qk
for all k, we denote it by
P (t)≪ Q(t).
We denote by (P )k the homogeneous part of degree k of P (t). Let A(t)
be a convergent series given by
A(t) =
b
16c
∞∑
k=1
cktk
k2
,
with b > 0, c > 0. b and c will be determined later. As regards A(t) we
have the following inequality (see section 5-3 in [18]),
A(t)l ≪ (c
b
)l−1A(t).
Fix a natural number s. We shall show by induction on k if we choose
appropriate large b and c,
( ∗k ) ‖a≤k‖s ≪ A(t),
where ‖a≤k‖s =
∑k
l=1
1
l!‖al‖stl We assume ∗k−1 holds and make an
estimate ‖ak‖s. By (2-3-3) we have the inequalities for constants C2, C3,
1
k!
‖ak‖s =C1 1
k!
‖ρˆakΦ0‖s = C1‖d∗1G#(Obk)‖s
<C2‖G#(Obk)‖s+1 < C3‖Obk‖s−1
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By theorem 2-2-1, we have an estimate,
‖Obk‖s−1<( 12!‖G(a,a)Φ
0‖s−1+
1
3!‖AdρˆaG(a,a)Φ
0‖s−1+···+
1
k! ‖Ad
k−2
ρˆa
G(a,a)Φ0‖s−1)
k
<C4( 12!‖G(a,a)‖s−1+
1
3!2‖a‖s−1‖G(a,a)‖s−1+···
1
k! 2
k−2‖a‖k−2s−1‖G(a,a)‖s−1)k
<C4(f˜(2‖a<k‖s−1) ‖G(a,a)k‖s−1)k,
where f˜(x) = 1
x2
(ex − 1− x). We have an estimate of G(a, a),
(2-3-5) ‖G(a, a)‖s−1 < C5‖a‖s‖a‖s
Hence by (2-3-5),
‖Obk‖s−1 < C6
(( 1
2!
+
1
3!
2‖a<k‖s + · · ·+ 1
k!
2k−1‖a<k‖k−2s
)‖a<k‖2s
)
k
,
where C6 is a constant. By the hypothesis of the induction,
‖Obk‖s−1<C6
(
( 12!+
1
3! 2A(t)+···+
1
k! 2
k−1A(t)k−2)A(t)2
)
k
<C6
(
( 12!+
1
3!2A(t)+
1
4!2
2( b
c
)A(t)···+ 1
k! 2
k−1( b
c
)k−3A(t))( b
c
)A(t)
)
k
=C6
(
( 12! (
b
c
)A(t)+ 13!2(
b
c
)A(t)+ 14!2
2( b
c
)2A(t)···+ 1
k! 2
k−1( b
c
)k−2A(t))
)
k
<C6
1
2p (e
2p−1−2p)Ak(t),
where p = b
c
. We define p by C6
1
2p(e
2p − 1− 2p) = 1. Then we obtain
‖Obk‖s−1 < Ak(t)
Therefore we have
1
k!
‖ak‖s < C3Ak(t).
Since A(t) is a convergent series for sufficiently small t, we see that a(t)
uniformly convergents. 
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Further we assume that
dρˆa1Φ
0 = 0,
d∗0ρˆa1Φ
0 = 0,
where d∗0 is the adjoint operator and
0 −−−−→ E0 d0−−−−→ E1 d1−−−−→ · · · .
We also apply the elliptic regularity to ρg(t)Φ
0. As in our construction,
we have
dρg(t)Φ
0 =ρˆaΦ
0 +
∞∑
l=2
1
l!
dρˆlaΦ
0 = 0
d∗0ρˆaΦ
0 = 0
Hence ρˆaΦ
0 is a weak solution of an elliptic differential equation,
△#ρˆaΦ0 + d∗0(
∞∑
l=2
1
l!
dρˆlaΦ
0) = 0,
where △# is the Laplace operator of the complex #. Hence we obtain
Theorem 2-3-1. If p2 is injective, then there exists a smooth solution
of the equation (eq∗) for all tangent [ρˆaΦ
0] ∈ H1(#Φ0). i.e., There exists
a smooth form ρexp a(t)Φ
0 ∈ M˜(X) such that
(
ρexp a(t)Φ
0
)′ |t=0 = ρˆaΦ0
§3 Proof of theorems
In this section we assume that an orbit O ∈ ⊕i∧pi is metrical, ellip-
tic and topological. We shall show that the moduli space MO(X) is a
manifold.
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§3-1. In this subsection we explain preliminary results, which are related
to functional analysis on manifolds. Our discussion will heavily depend
on [7] and [22] and we use the same notation as in section one and two.
Let X be a smooth n dimensional manifold and F a smooth fibre bundle
over X. Then we have a Hilbert manifold L2s(F ) consisting of those
sections of F which in local coordinates are defined by functions square
integrable up to order s, i.e., Sobolev space L2s(X). We also define a
Banach manifold Ck(F ) by functions Ck(X) and for s > k+ n2 , we have
a smooth inclusion L2s(F ) ⊂ Ck(F ). If we consider the case F = X×X,
we find that the sections of F are exactly the maps of X to X. Then
C1(F ) is the set of C1 maps from X to X with the topology of uniform
convergence up to the first derivative. We define C1Diff(X) by the C1
diffeomorphisms:
C1Diff(X) = { f ∈ C1(F ) | f−1 ∈ C1(F ) }.
We denote by C1Diff0(X) the identity component of C
1Diff(X). Pick
s+ 1 > n2 + 1. We define Diff
s+1
0 (X) by
Diffs+10 (X) = C
1Diff0(X) ∩ L2s+1(F ).
Then Diffs+10 (X) is the Hilbert manifold. In section 3 of [7] it is shown
that Diffs+10 (X) is a topological group under the operation of composi-
tion of mappings. Further we have the action A by using pull back:
A : Es ×Diffs+10 (X) −→ Es,
where Es = C1(A(X))∩L2s(⊕i∧pi) ( see 2-1-1 in section two). Then the
action A is well defined and continuous . For an element Φ ∈ Es, we
define AΦ : Diff
s+1
0 (X) −→ Es by AΦ(f) = f∗Φ. This map is continuous.
Furthermore if Φ is smooth, then AΦ is also smooth. We define the
moduli space M(X) consisting of smooth forms as in section one. We
shall extend this moduli in terms of Sobolev Space. We define Ms(X) =
MO,s(X) by
Ms(X) = M˜s(X)/Diff
s+1
0 (X),
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where
M˜s(X) = {Φ ∈ Es | dΦ = 0 }.
We denote by pi the natural projection
pi : M˜s(X) −→Ms(X).
§3-2. In section two, we construct the family of smooth closed forms
ρg(t)Φ
0 parametrized by t, where g(t) = exp a(t) is written as
a(t) =
∞∑
k=1
1
k!
akt
k,
ρˆa1Φ
0 ∈ H1(#Φ0).
Substitute t = 1 into ρg(t)Φ
0, we have a map κ˜,
κ˜ : SΦ0 → M˜(X),
ρˆa1Φ
0 7→ ρg(1)Φ0,
where S(= SΦ0) is a sufficiently small open set of H
1(#Φ0). Let pi be
the natural projection M˜(X)→M(X). We define κ as
κ = pi ◦ κ˜ : S →M(X).
Then we shall show
Theorem 3-2-1. We assume that p1 : H1(#φ0) → ⊕iHpi(X) is injec-
tive. Then κ : S → M(X) is injective for a sufficiently small open set
S ⊂ H1(#φ0),
Proof. We denote by S(= SΦ0) the image κ˜(S). We call S a slice, which
is a transversal submanifold for the action of Diff0(X) on M˜(X). Since
the action of Diff0(X) preserves the de Rham cohomology class, taking
the cohomology class, we have the map
P : M(X) −→ ⊕iHpidR(X).
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The slice SΦ0 is parametrized by an open set S. We denote by P |S
the restricted map to S. Then the differential dP |S at Φ0 is given by
p1 : H1(#Φ0) → ⊕iHpidR(X). Since p1 is injective, it follows that P |S is
locally injective. Hence there exists an open set S ∈ H1(#) such that
P ◦ κ : S −→ ⊕iHpidR(X) is injective. We assume that there exists a
diffeomorphism f ∈ Diff0(X) such that
f∗Φ1 = Φ2,
for some Φ1,Φ2 ∈ SΦ0 . By taking each cohommology class, we have
P (f∗Φ1) = P (Φ2).
Since Diff0(X) trivially acts on cohomology groups, we also have
P (f∗Φ1) = P (Φ1).
Hence we have
P (Φ1) = P (Φ2).
Since P |S is injective, we see that Φ1 = Φ2. Hence κ is injective. 
Next we shall show that κ is surjective:
Theorem 3-2-2. If we take a sufficiently small open set UΦ0 of pi(Φ
0)
in M(X), the map κ : S → UΦ0 is surjective for an open set S in H1(#).
In order to prove theorem 3-2-2, we must explain the completion with
respect to Sobolev norm and the following lemma 3-2-3 and propo-
sition 3-2-4. Let ξ be a vector field on X. We assume that ξ ∈
C1(TX) ∩ L2s+1(TX). Then there is the diffeomorphism fξ correspond-
ing to ξ, where fξ ∈ Diffs+10 (X) (see 3-1). Since Es(X) is invariant under
the action of diffeomorphism, we have the action of fξ on Es(X), i.e.,
ρeaΦ
0 → f∗ξ ρeaΦ0, where a ∈End(TX) and ρeaΦ0 ∈ Es(X). Hence there
exists bξ(= bfξ) ∈End(TX) such that
(1) f∗ξ ρeaΦ
0 = ρexp bξΦ
0.
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We assume that ρeaΦ
0 is smooth with dρeaΦ
0 = 0, i.e., ρeaΦ
0 ∈ M˜(X).
Then we shall show that for a sufficiently small a, there exists a vector
field ξ satisfying
(2) d∗0ρˆbξ = 0
Since ρˆ is the differential representation of ρ, ρˆbξΦ
0 is written as
(3) ρˆbξΦ
0 = ρexp bξΦ
0 − Φ0 −
∑
k≥2
1
k!
ρˆkbξΦ
0.
Since ρexp bξΦ
0 = f∗ξ ρeaΦ
0 and f∗ρeaΦ
0 is closed, by using the identity:
Lξ = d ◦ iξ + iξ ◦ d, we have
ρexp bξΦ
0 =f∗ξ ρeaΦ
0 = ρeaΦ
0 + diξρeaΦ
0 + · · · ,(4)
=Φ0 + ρˆaΦ
0 + diξΦ
0 +H(ξ, a),
where H(ξ, b) denotes the higher order terms with respect to ξ and a.
Substituting (4) into (3), we have
(5) ρˆbξΦ
0 = ρˆaΦ
0 + diξΦ
0 +W (ξ, a),
where W (ξ, a) denotes the higher order terms. In order to solve the
equation (2), we need the following estimate of W (ξ, a) for sufficiently
small ξ1, ξ2 and a:
Lemma 3-2-3.
‖W (ξ1, a)−W (ξ2, a)‖s < ε‖ξ1 − ξ2‖s+1,
where ε < 1 is a constant.
Proof. We have the action of the diffeomorphism Diffs0(X) by
(6) Diffs+10 (X)× L2s(⊕i∧pi) −→ L2s(⊕i∧pi).
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We denote this map by A. Then we have the map AΦ : Diff
s+1
0 (X)→ Es
by AΦ(f) = f
∗Φ as in section 3-1. Then AΦ is smooth if Φ is smooth.
From our assumption ρeaΦ
0 ∈ M˜(X), a is smooth. We identify ξ with
fξ ∈ Diff0(X). Hence we have
(7) ‖A(ξ1, ρeaΦ0)− A(ξ2, ρeaΦ0)‖s ≤ ‖dA‖0‖ξ1 − ξ2‖s+1,
where dA denotes the differential of A, ‖dA‖0 is the C0− norm of dA.
Since W is essentially written in terms of A, from (7) we also have
(8) ‖W (ξ1, a)−W (ξ2, a)‖s ≤ ‖dW‖0‖ξ1 − ξ2‖s+1.
Since the differential of W at the (ξ, b) = (0, 0) vanishes, we have
(9) ‖W (ξ1, a)−W (ξ2, a)‖s ≤ ε‖ξ1 − ξ2‖s+1,
where ε < 1 is a constant. Hence by (9), we have the result.
Proposition 3-2-4. There exists a sufficiently small ε > 0 satisfying
the following:
For any ρeaΦ
0 ∈ M˜(X) with ‖a‖s < ε, there exists a smooth vector
field ξ such that d∗0ρˆbξΦ
0 = 0.
Proof. Let ξ be a vector field and fξ the diffeomorphism corresponding
to ξ, where ξ ∈ C1(TX)∩L2s+1(TX) and fξ ∈ Diffs+10 (X) as before. We
shall construct a vector field ξ satisfying the equation (2). By (5), the
equation (2) is written as
(10) d∗0diξΦ
0 + d∗0ρˆaΦ
0 + d∗0W (ξ, a) = 0.
We recall the complex #Φ0 :
(#Φ0) 0 −−−−→ E0Φ0
d0−−−−→ E1Φ0
d1−−−−→ E2Φ0
d2−−−−→ · · · ,
where d∗0 denotes the adjoint operator of d0, iξΦ
0 ∈ E0 and ρˆaΦ0 ∈ E1.
Then by using the Hodge decomposition of E0, we take ξ such that the
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harmonic component of iξΦ
0 vanishes with respect to the complex #Φ0 .
Then the equation (10) is equivalent to the following:
(11) iξΦ
0 +G#d
∗
0ρˆaΦ
0 +G#d
∗
0W (ξ, a) = 0
where G# denotes the Green operator with respect to the complex #Φ0 .
Then given a and Φ0, we shall show that there exists a solution ξ of (11).
We denote by KerΦ0 the subbundle of TX given by
KerΦ0 = { ξ ∈ TX | iξΦ0 = 0 }.
Let Ker⊥ be the orthogonal complement of KerΦ0 in TX. At first we
define ξ1 ∈Ker⊥ by
(12) iξ1Φ
0 = −d∗0G#ρˆaΦ0.
Note that since the image of d∗0 is in E
0, there is a unique vector field
ξ1 satisfying (12). Secondly we define ξ2 ∈Ker⊥ by
(13) iξ2Φ
0 = −G#d0ρˆaΦ0 −G#d∗0W (ξ1, a)Φ0.
Inductively we define ξk ∈Ker⊥ by
(14) iξkΦ
0 = −G#d0ρˆaΦ0 −G#d∗0W (ξk−1, a)Φ0.
Since ξk ∈Ker⊥, we have an estimate
(15) ‖ξk‖s+1 = C‖iξkΦ0‖s+1,
where C denotes a constant. Then by (14) and the elliptic estimate of
G# and d
∗
0, we have
‖ξk+1 − ξk‖s+1 =‖
(
G#d
∗
0W (ξk, a)−G#d∗0W (ξk−1, a)
)
Φ0‖s+1
(16)
≤C1‖
(
W (ξk, a)−W (ξk−1, a)
)‖s
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where C1 is a constant. Hence by lemma 3-2-3, we have
(17) ‖ξk+1 − ξk‖s+1 = ε‖ξk − ξk−1‖s+1,
where ε < 1 is a constant. Hence it follows from (17) that the sequence
{ξk} uniformly converges to some ξ∞ with respect to the norm ‖ ‖s+1.
Then by (14) we see that ξ∞ is a solution of the equation (11). Hence
we have a vector field satisfying (2). 
Proof of theorem 3-2-2. By proposition 3-2-4, if we define an open set
UΦ0 by the image:
Uε(Φ
0) = pi
(
{ ρeaΦ0 ∈ M˜(X) | ‖a‖s < ε, }
)
,
then there exists a diffeomorphism fξ such that
f∗ξ ρeaφ
0 = ρexp bξΦ
0
d∗0ρbξΦ
0 = 0.
Hence ρexp bξΦ
0 is in the image of κ˜(S). Hence it follows that κ is
surjective. 
§3-3. Let O be an orbit in ⊕i∧pi as in section one. Then we have the
moduli space MO(X)(= M(X)) as the quotient space M˜(X)/Diff0(X).
Proposition 3-3-1. We assume that the orbit O is elliptic, metrical
and topological. Then the quotient MO(X) is Hausdorff.
Proof. Since the orbit O is metrical, we have the metric gΦ for every
Φ ∈ Es(X). Then each tangent space TΦEs(X) ⊂ L2s(⊕i∧pi) has the L2
metric in terms of gΦ. Hence it gives Es(X) a smooth Riemannian struc-
ture (see section 4 in [7]). The fundamental property of the Riemannian
structure on Es(X) is that it is invariant under the action of Diffs+10 (X),
so that is, Diffs+10 (X) acts on Es(X) isometrically. Since M˜s(X) is the
intersection H ∩ Es(X), we have the induced distance on M˜s(X) from
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the Riemannian structure on Es(X). We denote by d the distance on
M˜s(X) and pi the natural projection pi : M˜s(X) → Ms(X). Then we
define d(pi(Φ1), pi(Φ2)) by
(3-3-1) d(pi(Φ1), pi(Φ2)) = inf
f,g∈Diff
s+1
0
(X)
d(f∗Φ1, g∗Φ2),
where Φ1,Φ2 ∈ M˜s(X). For simplicity we denote by D the group
Diffs+10 (X). Since the action of Diff
s+1
0 (X)(= D) preserves the distance
d, we have
(3-3-2) d(pi(Φ1), pi(Φ2)) = inf
f∈D
d(f∗Φ1, Φ2).
Hence we have the triangle inequality ,
d(pi(Φ1), pi(Φ2)) + d(pi(Φ2), pi(Φ3))(3-3-3)
= inf
f∈D
d(f∗Φ1,Φ2) + inf
g∈D
d(Φ2, g∗Φ3)
≦ inf
f,g∈D
d(f∗Φ1, g∗Φ3) = d(pi(Φ1), pi(Φ3)).
We shall show that d induces a distance of M(X). We assume that
the d(pi(Φ0), pi(Φ) ) = 0 for smooth elements Φ,Φ0 ∈ M˜(X). Then by
(3-3-1), we have
(3-3-4) inf
f∈Diff0(X)
d(Φ0, f∗Φ) = 0.
Hence f∗Φ is in a small neighborhood Uε(Φ
0) at Φ0. By theorem 3-2-3
and proposition 3-2-4, there exists a diffeomorphism fξ such that
(3-3-5) f∗ξ (f
∗Φ0) ∈ SΦ0 ,
where SΦ0 is the family parametrized by an open set of harmonic forms
H1(#Φ0). We define the distance dH1(#) on H
1(#Φ0) by using harmonic
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forms in terms of gΦ0 . There is the distance dHdR on the direct sum of
the de Rham cohomology groups ⊕iHpi(X) by using harmonic repre-
sentations with respect to gΦ0 . Since p
1 is injective, (H1(#Φ0), dH1(#))
is isometrically embedded into (⊕iHpi(X), dHdR ). Since p1 is injective,
we have the injective map
(3-3-6) P |S : S → ⊕iHpidR(X).
Since the differential dP |S : TΦ0S(= H1(#Φ0)) −→ ⊕iHpi(X) is isomet-
ric, we have that
(3-3-7) d(Φ0, f∗ξ (f
∗Φ)) > CddR
(
P (Φ0), P (f∗ξ (f
∗Φ))
)
,
where C is a positive constant. (Note that the distance d restricted to
the slice S is (locally) equivalent to the distance dH1(#).) Since Diff0(X)
acts on ⊕iHpi(X) trivially, we have
(3-3-8) d(Φ0, f∗ξ (f
∗Φ)) > CddR
(
P (Φ0), P (Φ))
)
,
where C does not depend on f and Φ. Hence
(3-3-9) inf
f∈Diff0(X)
d(Φ0, f∗Φ) > C ddR(P (Φ
0), P (Φ)).
Hence from our assumption (3-3-4), we have P (Φ) = P (Φ0). Since P |S
is injective, Φ0 = f∗ξ (f
∗Φ). Hence we have pi(Φ) = pi(Φ0). Hence d is a
distance on M(X). 
§3-4 Proof of main theorems.
Proof of theorem 1-8. Since the orbit O is elliptic and topological, we
have the slice SΦ0 as coordinates of the moduli space M(X) by theo-
rem 3-2-1 and 3-2-2 in section 3-2. Hence M(X) is a manifold. Since
O is metrical, M(X) is Hausdorff by proposition 3-3-1 in section 3-3.
The slice SΦ0 is homeomorphic to an open set of the cohomology group
H1(#Φ0). 
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Proof of theorem 1-9. The slice SΦ0 is local coordinates of MO(X). The
differential dP coincides with the injective map p1. Hence P is locally
injective. 
Since O is metrical, we have the metric gΦ for each Φ ∈ E . Hence the
metric gΦ defines the metric on each tangent space E
1 = TΦE . Then
E can be considered as a Riemannian manifold. Then we see that the
action of Diff0(X) on E is isometry. Let I(Φ) be the isotropy group of
Diff0(X) at Φ,
I(Φ) = { f ∈ Diff0(X) | f∗Φ = Φ }.
Let SΦ0 be a slice at Φ
0. Then we shall compare I(Φ0) to other isotropy
group I(Φ) for Φ ∈ SΦ0 .
Theorem 1-10. Let I(Φ0) be the isotropy group of Diff0(X) at Φ
0 and
SΦ0 the slice at Φ
0. Then I(Φ0) is a subgroup of the isotropy group I(Φ)
for each Φ ∈ SΦ0 . ( We take SΦ0 sufficiently small for necessary.)
Proof of theorem 1-10. From definition of SΦ0 , the slice SΦ0 is invariant
under the action of I(Φ0). The restricted map P |SΦ0 : SΦ0 → ⊕
i
Hpi(X)
is locally injective. Since the action of Diff0(X) preserves each class of
de Rham cohomology group, we see that the action of I(Φ0) is trivial
on the slice SΦ0 for sufficiently small SΦ0 . Hence I(Φ
0) is a subgroup of
the isotropy group I(Φ) for each Φ ∈ SΦ0 . 
Proof of theorem 1-11. The slice SΦ0 is local coordinates of MO(X)
and the action of Diff0(X) on E is isometry. Hence the moduli space
M˜O(X)/Diff0(X) is locally homeomorphic to the quotient space SΦ0/I(Φ
0),
where I(Φ0) is the isotropy. Hence we see that there is an open set V
of TΦ0SΦ0 with the action of I(Φ
0) such that the quotient V/I(Φ0) is
homeomorphic to SΦ0/I(Φ
0). TΦ0SΦ0 is isomorphic to H
1(#Φ0) and the
action of I(Φ0) on H1(#Φ0) is a isometry with respect to gΦ0 . The action
of I(Φ0) preserves the integral cohomology class. It implies that the im-
age of I(Φ0) is a subgroup of O (H1(#Φ0))∩ End (⊕i(Hpi(X,Z)), where
O (H1(#Φ0)) denotes the orthogonal group. Then we see that V/I(Φ
0)
is the quotient by a finite group. 
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§4. Calabi-Yau structures
§4-1.SLn(C) structures. Let V be a real 2n dimensional vector space.
We consider the complex vector space V ⊗ C and a complex form Ω ∈
∧nV ∗ ⊗ C. The vector space kerΩ is defined as
KerΩ = { v ∈ V ⊗ C | ivΩ = 0 },
where iv denotes the interior product.
Definition 4-1-1 (SLn(C) structures). A complex n form Ω is a
SLn(C) structure on V if dimCKerΩ = n and KerΩ ∩ KerΩ = {0},
where KerΩ is the conjugate vector space.
We denote by ASL(V ) the set of SLn(C) structures on V . We define
the almost complex structure IΩ on V by
IΩ(v) =
{ −√−1v if v ∈ KerΩ,√−1v if v ∈ KerΩ.
So that is, KerΩ = T 0,1V and KerΩ = T 1,0V and Ω is a non-zero (n, 0)
form on V with respect to IΩ. Let J be the set of almost complex
structures on V . Then ASL(V ) is the C∗−bundle overJ . We denote by
ρ the action of the real general linear group G = GL(V ) ∼= GL(2n,R)
on the complex n forms,
ρ : GL(V ) −→ End (∧n(V ⊗ C)∗).
For simplicity we denote by ∧n
C
complex n forms. Since G is a real group,
ASL(V ) is invariant under the action of G. Then we see that the action
of G on ASL(V ) is transitive. The isotropy group H is defined as
H = { g ∈ G | ρgΩ = Ω }.
Then we see H =SL(n,C). Hence the set of SLn(C) structures ASL(V )
is the homogeneous space,
ASL(V ) = G/H = GL(2n,R)/SL(n,C).
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(Note that the set of almost complex structures J =GL(2n,R)/GL(n,C).
) An almost complex structure I defines a complex subspace T 1,0 of di-
mension n. Hence we have the map J −→Gr(n,C2n). We also have the
map from ASL(V ) to the tautological line bundle L over the Grassman-
nian Gr(n,C2n) removed 0−section. Then we have the diagram:
ASL(V ) −−−−→ L\0yC∗ y
J −−−−→ Gr(n,C2n)
ASL(V ) is embedded as a smooth submanifold in n−forms ∧n. This is
Plu¨cker embedding described as follows,
ASL(V ) −−−−→ L\0 −−−−→ ∧n\{0}yC∗ y y
J −−−−→ Gr(n,C2n) −−−−→ CPn.
Hence the orbit OSL = ASL(V ) is a submanifold in ∧n defined by Plu¨cker
relations. Let X be a real 2n dimensional compact manifold. Then we
have the G/H bundle ASL(X) over X as in section 1. We denote by
E = E1
SL
the set of smooth global sections of ASL(X). Then we have the
almost complex structure IΩ corresponding to Ω ∈ E1. Then we have
Lemma 4-1-2. If Ω ∈ E1 is closed, then the almost complex structure
IΩ is integrable.
Proof. Let {θi}ni=1 be a local basis of Γ(∧1,0) with respect to Ω. From
Newlander-Nirenberg’s theorem it is sufficient to show that dθi ∈ Γ(∧2,0⊕
∧1,1) for each θi. Since Ω is of type ∧n,0,
θi ∧ Ω = 0.
Since dΩ = 0, we have
dθi ∧ Ω = 0.
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Hence dθi ∈ Γ(∧2,0 ⊕ ∧1,1). 
Then we define the moduli space of SLn(C) structures on X by
MSL(X) = {Ω ∈ E1SL | dΩ = 0 }/Diff0(X).
From lemma 4-1-2 we see thatMSL(X) is the C
∗−bundle over the moduli
space of integrable complex structures on X with trivial canonical line
bundles.
Proposition 4-1-3. The orbit OSL is elliptic.
Proof. Let ∧p,q be (p, q)−forms on V with respect to IΩ0 ∈ ASL(V ). In
this case we see that
E0 = ∧n−1,0
E1 = ∧n,0 ⊕ ∧n−1,1
E2 = ∧n,1 ⊕ ∧n−1,2.
Hence we have the complex :
∧n−1,0 ∧u−−−−→ ∧n,0 ⊕ ∧n−1,1 ∧u−−−−→ ∧n,1 ⊕ ∧n−1,2 ∧u−−−−→ · · · ,
for u ∈ V . Since the Dolbeault complex is elliptic, we see that the
complex 0 −→ E1 −→ E2 −→ · · · is exact. 
Proposition 4-1-4. Let IΩ be the complex structure corresponding to
Ω ∈ E . If ∂∂ lemma holds for the complex manifold (X, IΩ), then
H0(#) ∼= Hn−1,0(X), H1(#) ∼= Hn,0(X)⊕Hn−1,1(X),
H2(#) ∼= Hn,1(X)⊕Hn−1,2(X)
and p1, p2 are respectively injective,
p1 : H1(#)→ Hn(X,C), p2 : H2(#)→ Hn+1(X,C)
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In particular, if (X, IΩ) is Ka¨hlerian, p
k is injective for k = 1, 2.
Proof. As in proof of proposition 4-1-3 the complex #Ω is given as
Γ(∧n−1,0) d−−−−→ Γ(∧n,0 ⊕ ∧n−1,1) d−−−−→ Γ(∧n,1 ⊕ ∧n−1,2) d−−−−→ · · · .
Then we have the following double complex:
Γ(∧n,0) ∂−−−−→ Γ(∧n,1) ∂−−−−→ Γ(∧n,2) ∂−−−−→ · · ·
∂
x ∂x ∂x
Γ(∧n−1,0) ∂−−−−→ Γ(∧n−1,1) ∂−−−−→ Γ(∧n−1,2) ∂−−−−→ · · ·
∂
x ∂x ∂x
Γ(∧n−2,0) ∂−−−−→ Γ(∧n−2,1) ∂−−−−→ Γ(∧n−2,2) ∂−−−−→ · · ·
Let a = x+ y be a closed element of Γ(∧n,1)⊕Γ(∧n−1,2). Then we have
the following equations,
∂y = 0,(1)
∂x+ ∂y = 0.(2)
Using the Hodge decomposition, we have
(3) y = Har(y) + ∂(∂
∗
G∂ y),
where G∂ is the Green operator with respect to the ∂−Laplacian and
Har(y) denotes the harmonic component of y. We also have
(4) x = Har(x) + ∂(∂∗G∂ x),
where G∂ is the Green operator with respect to the ∂−Laplacian and
Har(x) denotes the harmonic component of x. We put s = ∂∗G∂x and
t = ∂
∗
G∂y respectively. Then we have from (2)
(5) ∂∂s+ ∂∂t = ∂∂(s− t) = 0.
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Applying ∂∂-lemma, we see from (5) that there exists a γ ∈ ∧n−1,0 such
that
(6) ∂(s− t) = ∂∂γ.
Hence we have from (4),
x =Har(x) + ∂s = Har(x) + ∂t+ ∂(−∂γ)
y =Har(y) + ∂t.
Thus if Har(x) = 0 and Har(y) = 0, then a is written as a = x + y =
d(t − ∂γ) where t − ∂γ ∈ E1 ∼= ∧n.0 ⊕ ∧n−1,1. It implies that the
map p2 : H2(#) −→ Hn+1(X,C) is injective and H2(#) ∼= Hn,1(X) ⊕
Hn−1,2(X). 
Hence from section 2, we have the smooth deformation space of SLn(C)
structures. However OSL is not metrical and the moduli space MSL(X)
is not Hausdorff in general. In fact it is known that it is not Hausdorff
for K3 surface. Hence in oder to obtain a Hausdorff moduli space, we
must introduce extra geometric structures. The most natural structure
is a Calabi-Yau structure.
§4-2. Calabi-Yau structures. Let V be a real vector space of 2n
dimensional. We consider a pair Φ = (Ω, ω) of a SLn(C) structure Ω
and a real symplectic structure ω on V ,
Ω ∈ ASL(V ),
ω ∈ ∧2V ∗,
n︷ ︸︸ ︷
ω ∧ · · · ∧ ω 6= 0.
We define gΩ,ω by
gΩ,ω(u, v) = ω(IΩu, v),
for u, v ∈ V .
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Definition 4-2-1(Calabi-Yau structures ). A Calabi-Yau structure
on V is a pair Φ = (Ω, ω) such that
Ω ∧ ω = 0, Ω ∧ ω = 0(1)
Ω ∧ Ω = cn
n︷ ︸︸ ︷
ω ∧ · · · ∧ ω(2)
gΩ,ω is positive definite.(3)
where cn is a constant depending only on n,.i.e,
cn = (−1)
n(n−1)
2
2n
inn!
.
From the equation (1) we see that ω is of type ∧1,1 with respect to the
almost complex structure IΩ. The equation (2) is called Monge-Ampe`re
equation.
Lemma 4-2-2. Let ACY (V ) be the set of Calabi-Yau structures on V .
Then There is the transitive action of G =GL(2n,R) on ACY (V ) and
ACY (V ) is the homogeneous space
ACY (V ) = GL(2n,R)/SU(n).
Proof. Let gΩ,ω be the Ka¨hler metric. Then we have a unitary basis of
TX. Then the result follows from (1) and (2). 
Hence the set of Calabi-Yau structures on V is the orbit OCY ,
OCY ⊂ ∧n(V ⊗ C)∗ ⊕ ∧2V ∗.
Let V be a real 2n dimensional vector space with a Calabi-Yau struc-
ture Φ0 = (Ω0, ω0). We define the complex Hodge star operator ∗C
by
α ∧ ∗Cβ =< α , β > Ω0,
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where α, β ∈ ∧∗,0. The complex Hodge star operator ∗C is a natural
generalization of the ordinary Hodge star ∗,
∗C : ∧i,0 → ∧n−i,0.
The vector space E0 is , by definition,
E0
CY
(V ) = { (ivΩ0, ivω0) ∈ ∧n−1,0 ⊕ ∧1 | v ∈ V }
The map TX → ∧n−1,0 is given by v 7→ ivΩ0. Then we see that this
map is an isomorphism. Hence the projection to the first component
defines an isomorphism:
E0
CY
−→ ∧n−1,0,
(ivΩ
0, ivω
0) 7→ ivΩ0
The E1
CY
is the tangent space of Calabi-Yau structures ACY (X). Hence
by (1) and (2) of definition 4-2-1, the vector space E1(V ) = E1
CY
(V ) is
the set of (α, β) ∈ ∧n
C
⊕ ∧2 satisfying equations
α ∧ ω0 + Ω0 ∧ β = 0,
α ∧ Ω0 +Ω0 ∧ α = ncnβ ∧ (ω0)n−1(4)
Let P p,q be the primitive cohomology group with respect to ω0. Then
we have the Lefschetz decomposition,
α = αn,0 + αn−1,1 + αn−2,0∧ ω0 ∈ Pn,0 ⊕ Pn−1,1 ⊕ Pn−2,0∧ ω0,
β = β2,0 + β1,1 + β0,0∧ ω0 + β0,2 ∈ P 2,0 ⊕ P 1,1
R
⊕ P 0,0∧ ω0 ⊕ P 0,2,
(5)
where β2,0 = β0,2 and P 1,1
R
denotes the real primitive forms of type
(1, 1). Then equation (4) is written as
αn−2,0 ∧ ω ∧ ω + Ω ∧ β0,2 = 0,(6)
αn,0 ∧ Ω = ncnβ0,0ωn(7)
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Then we see that (6) gives a relation between αn−2,0 and β2,0 and (7)
also describes a relation between αn,0 and β0,0. Since there is no relation
between the primitive parts Pn−1,1 and P 1,1
R
, the kernel of the projection
E1
CY
→ ∧n,0 ⊕ ∧n−1,1 is given by the primitive forms P 1,1
R
. Hence we
have an exact sequence:
(8) 0 −−−−→ P 1,1
R
−−−−→ E1
CY
−−−−→ ∧n,0 ⊕ ∧n−1,1 −−−−→ 0.
The vector space E2
CY
is the subspace of ∧n,1 ⊕ ∧n−1,2 ⊕ ∧3
R
. We also
consider the projection to the first component and we have an exact
sequence:
(9) 0 −→ (∧2,1 ⊕ ∧1,2)R −→ E2CY −→ ∧n,1 ⊕ ∧n−1,2 −→ 0,
where (∧2,1 ⊕ ∧1,2)R denotes the real part of ∧2,1 ⊕ ∧1,2. Let X be a
2n dimensional compact Ka¨hler manifold. We denote by ∧i,j ( global )
differential forms on X of type (i, j). The real primitive forms of type
(i, j) is denoted by P i,j
R
. Then we have a complex of forms on X by
using the exterior derivative d:
(10) 0 −−−−→ P 1,1
R
d−−−−→ (∧2,1 ⊕ ∧1,2)R d−−−−→ · · · .
proposition 4-2-3. The cohomology groups of the complex (10) are
respectively given by
P
1,1
R
, (H2,1(X)⊕H1,2(X))R,
where P1,1
R
denotes the harmonic and primitive forms.
Proof. By using Ka¨hler identity, we see that a closed primitive form of
type (1, 1) is harmonic. Hence the first cohomology group of the complex
(10) is P1,1
R
. Let q be a real d- exact form of type ∧(2,1) ⊕ ∧(1,2). The
applying ∂∂-lemma, we show that q is written as
q = da,
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where a = d∗η ∈ ∧1,1
R
and η ∈ (∧2,1 ⊕ ∧1,2)R. We shall show that there
exists k ∈ ∧1 such that d∗η+dk ∈ P 1,1
R
. By the Lefschetz decomposition,
the three form η is written as
η = s+ θ ∧ ω0,
where s ∈ (P 2,1 ⊕ P 1,2)R, and θ ∈ ∧1R. Let ∧ω0 be the contraction with
respect to the Ka¨hler form ω0. Since ∧ω0 and d∗ commutes,
∧ω0d∗η = d∗ ∧ω0 η = d∗ ∧ω0 (s+ θ∧ω0) = d∗θ.
On the other hand, applying Ka¨her identity again, we have
∧ω0dk = d ∧ω0 k +
√−1d∗ck =
√−1d∗ck,
where d∗c = ∂
∗ − ∂∗. Since k ∈ ∧1,
d∗ck =(∂
∗ − ∂∗)k = ∂∗k1,0 − ∂∗k0,1
=(∂∗ + ∂
∗
)(k1,0 − k0,1).
Hence if we define k by
k =
√−1(θ1,0 − θ0,1),
then
∧ω0(d∗η+dk) = d∗θ+
√−1d∗(k1,0−k0,1) = d∗θ+(−d∗θ1,0−d∗θ0,1) = 0.
Hence each exact form q of type (∧2,1 ⊕ ∧1,2)R is given by
q = d(d∗η + dk),
where d∗η + dk ∈ P 1,1
R
. Thus the second cohomology group of the com-
plex (10) is (H2,1(X)⊕H1,2(X))R. 
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Theorem 4-2-4. The cohomology groups of the complex #CY :
0 −−−−→ E0
CY
d−−−−→ E1
CY
d−−−−→ E2
CY
d−−−−→ · · · ,
is respectively given by
H0(#CY ) = H
n−1,0(X),
H1(#CY ) = H
n,0(X)⊕Hn−1,1(X)⊕ P 1,1
R
,
H2(#CY ) = H
n,1(X)⊕Hn−1,2(X)⊕ (H2,1(X)⊕H1,2(X))R,
In particular , pk is injective for k = 0, 1, 2.
Proof. By (8) and (9), we have the following diagram:
0 0y y
0 −−−−→ P 1,1
R
−−−−→ (∧2,1 ⊕ ∧1,2)R −−−−→ · · ·y y y
0 −−−−→ E0
CY
−−−−→ E1
CY
−−−−→ E2
CY
−−−−→ · · ·y y y
0 −−−−→ ∧n−1,0 −−−−→ ∧n,0 ⊕ ∧n−1,1 −−−−→ ∧n,1 ⊕ ∧n−1,2 −−−−→ · · ·y y y
0 0 0
At first we shall consider H2(#CY ). We assume that (s, t) ∈ E2CY is
written as an exact form, i.e., (s, t) = (da, db). Let a be an element of
∧n,0⊕∧n−1,1. There is a splitting map λ : ∧n,0⊕∧n−1,1 → ∧2 such that
(a, λ(a)) is an element of E1
CY
. Hence
(da, dλ(a)) ∈ E2
CY
.
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By (10), we see that
db− dλ(a) ∈ (∧2,1 ⊕ ∧1,2)R.
Then by proposition 4-2-3, there exists p ∈ P 1,1
R
such that
db− dλ(a) = dp.
Hence (s, t) is written as
(s, t) = (da, db) = (da, d(λ(a) + p)),
where (a, λ(a) + p) ∈ E1
CY
. Hence we see that
H1(#CY ) = H
n,1(X)⊕Hn−1,2(X)⊕ (H2,1(X)⊕H1,2(X))R.
Next we shall consider H1(#CY ). Let (a, b) be an element of E
1
CY
and
we assume that (a, b) = (dη, dγ). Then s is written as s = ivΩ
0 for
some v ∈ TX. By our definition E0
CY
, (ivΩ
0, ivω
0) is an element of E0
CY
.
Hence dγ−divω0 ∈ P 1,1R . By proposition 4-2-3, a d-exact, primitive form
vanishes. Thus dt−divω0 = 0. Hence (a, b) = (dη, dγ) = (divΩ0, divω0),
where (ivΩ
0, ivω
0) ∈ E0
CY
. Hence we see that
H1(#CY ) = H
n,0(X)⊕Hn−1,1(X)⊕ P1,1
R
(X).
Similarly we see that E0
CY
(X) = Hn−1,0(X). 
Hence we have
Theorem 4-2-5. The orbit OCY is metrical, elliptic and topological.
We also have
Theorem 4-2-6. The cohomology group H1(#) is the subspace of Hn(X,C)⊕
H2(X,R) which is defined by equations
α ∧ ω +Ω ∧ β = 0,
α ∧ Ω+ Ω ∧ α = ncnβ ∧ ωn−1,
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where α ∈ Hn(X,C), β ∈ H2(X,R).
Let P p,q(X) be the primitive cohomology group with respect to ω.
Then we have Lefschetz decomposition,
α = αn,0 + αn−1,1 + αn−2,0∧ ω ∈ Pn,0(X)⊕ Pn−1,0(X)⊕ Pn−2,0(X)∧ ω.
β = β2,0+β1,1+β0,0∧ω+β0,2 ∈ P 2,0(X)⊕P 1,1(X)⊕P 0,0(X)∧ω⊕P 0,2(X).
Then the equation in theorem 4-2-6 is written as
αn−2,0 ∧ ω ∧ ω + Ω ∧ β0,2 = 0,
αn,0 ∧ Ω = ncnβ0,0ωn
We see that αn,0 ∈ Pn,0(X) and β0,0 ∈ P 0,0(X) are corresponding to the
deformation in terms of constant multiplication:
Ω −→ tΩ, ω −→ sω
If a Ka¨hler class [ω] is not invariant under a deformation, such a de-
formation corresponds to an element of β2,0 and αn−2,0. This is in the
case of Calabi family of hyperKa¨hler manifolds, i.e., Twistor space gives
such a deformation. It must be noted that there is no relation between
αn−1,1 ∈ Pn−1,1(X) and β1,1(X) ∈ P 1,1(X). We have from theorem 1-8
in section 1,
Theorem 4-2-7. The map P is locally injective,
P : MCY (X) −→ Hn(X,C)⊕H2(X,R).
We also have from theorem 1-9 in section 1,
Theorem 4-2-8. Let I(Ω, ω) be the isotropy group of (Ω, ω),
I(Ω, ω) = { f ∈ Diff0(X) | f∗Ω = Ω, f∗ω = ω }.
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We consider the slice S0 at Φ
0 = (Ω0, ω0). Then the isotropy group
I(Ω0, ω0) is a subgroup of I(Ω, ω) for each (Ω, ω) ∈ S0.
We define the map PH2 by
PH2 : MCY (X) −→ P(H2(X)),
where
PH2([Ω, ω]) −→ [ω]dR ∈ P(H2(X)),
P(H2(X)) denoted the projective space (H2(X) − {0})/R∗. Then we
have
Theorem 4-2-9. The inverse image P−1
H2
([ω]dR) is a smooth manifold.
Proof. From theorem 4-2-6 and theorem 4-2-7 the differential of the map
PH2 is surjective. Hence from the implicit function theorem P
−1
H2
([ω]dR)
is a smooth manifold.
Remark. P−1
H2
([ω]dR) is the C
∗ bundle over the moduli space of polarized
manifolds [8].
§5 HyperKa¨hler structures
Let V be a 4n dimensional real vector space. A hyperKa¨hler structure
on V consists of a metric g and three complex structures I,J andK which
satisfy the followings:
g(u, v) = g(Iu, Iv) = g(JuJv) = g(Ku,Kv), for u, v ∈ V,(1)
I2 = J2 = K2 = IJK = −1.(2)
Then we have the fundamental two forms ωI , ωJ , ωK by
ωI(u, v) =g(Iu, v), ωJ (u, v) = g(Ju, v),
ωK(u, v) = g(Ku, v).(3)
We denote by ωC the complex form ωJ +
√−1ωK . Let AHK(V ) be the
set of pairs (ωI , ωC) corresponding to hyperKa¨hler structures on V . As
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in section one AHK(V ) is the subset of ∧2⊕∧2C and the group GL(4n,R)
acts on AHK(V ). Then we see that AHK(V ) is GL(4n,R)−orbit with
the isotropy group Sp(n),
(4) AHK(V ) = GL(4n,R)/Sp(n).
We denote by OHK the orbit AHK(V ).
Theorem 5-1. The orbit OHK is metrical,elliptic and topological.
Let Φ0 = (ω0I , ω
0
J , ω
0
K) be a hyperKa¨hler structure on a 4n dimensional
vector space V . We denote by ω0
C
the complex symplectic form ω0J +√−1ω0K . Then we consider the pair (ω0I , ω0C). The vector space EkHK are
respectively given by
E0
HK
= { (ivω0I , ivω0C) | v ∈ TX }
E1
HK
= { (ρˆaω0I , ρˆaω0C) | a ∈ End(TX) }.
Then we consider the projection to the second component and we have
the diagram:
0 −−−−→ E0
HK
−−−−→ E1
HK
−−−−→ E2
HK
−−−−→ · · ·y y y
0 −−−−→ ∧1,0 −−−−→ ∧2,0 ⊕ ∧1,1 −−−−→ ∧3,0 ⊕ ∧2,1 ⊕ ∧1,2 −−−−→ · · ·y y y
0 0 0
Let I, J,K be the three almost complex structures on V . Then we denote
by ∧1,1I forms of type (1, 1) with respect to I. Similarly ∧1,1J ( resp. ∧1,1K )
denotes forms of type (1, 1) w.r.t J ( resp. K). We define ∧2
HK
by the
intersection between them,
∧2
HK
= ∧1,1I ∩ ∧1,1J ∩ ∧1,1K .
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Note that a ∈ ∧2
HK
is the primitive form with respect to I, J, and K.
When we identify two forms with so(4m), we have the decomposition:
∧2 = sp(4m)⊕ so(4m)/sp(4m).
Then ∧2
HK
corresponds to sp(4m). Hence the dimension of ∧2
HK
is 2m2+
m. We also see that
dimRE
1
HK
= dimR gl(4m,R)/sp(4m) = 14m
2 −m,
dimR ∧2,0 ⊕ ∧1,1 = 12m2 − 2m
In fact we see that the kernel of the map E1
HK
→ ∧2,0 ⊕ ∧1,1 is given
by ∧2
HK
. We also define ∧3
HK
by real forms of type (∧2,1 ⊕ ∧2,1)R
for each I, J, and K. Then we also see that the kernel of the map
E2
HK
→ ∧3,0 ⊕ ∧2,1 ⊕ ∧1,2 is ∧3
HK
. We consider the following complex:
(HK) 0 −−−−→ ∧2
HK
−−−−→ ∧3
HK
−−−−→ · · ·
As in proof of Calabi-Yau structures, we see that the cohomology groups
of the complex (HK) are respectively given by
H
2
HK
= { real harmonic forms of type(1, 1)w.r.t I, J,K }
H
3
HK
= { real harmonic forms of type ∧2,1 ⊕ ∧1,2 w.r.t I.J.K }.
Hence we have the following:
0 0y y
0 −−−−→ ∧2
HK
−−−−→ ∧3
HK
−−−−→ · · ·y y y
0 −−−−→ E0
HK
−−−−→ E1
HK
−−−−→ E2
HL
−−−−→ · · ·y y y
0 −−−−→ ∧1.0 −−−−→ ∧2,0 ⊕ ∧1,1 −−−−→ ∧3.0 ⊕ ∧2,1 ⊕ ∧1,2 −−−−→ · · ·y y y
0 0 0
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Theorem 5-2. The cohomology groups of the complex #HK are given
by
H0(#HK) = H
1,0(X)
H1(#HK) = H
2,0(X)⊕H1,1(X)⊕H2
HK
,
H3(#HK) = H
3,0(X)⊕H2,1(X)⊕H1,2(X)⊕H3
HK
.
In particular, the map pk is injective for k = 0, 1, 2.
Proof. The proof is essentially same as in the case of Calabi-Yau struc-
tures. Let λ be the splitting map ∧2,0 ⊕ ∧1,1 → E1
HK
. Let (s, t) by an
element of E2
HK
. We assume that (s, t) = (da, db) for b ∈ ∧2,0⊕∧1,1 and
a ∈ ∧2. By using the splitting map λ, we have (λ(b), b) ∈ E1
HK
. Then
(dλ(b), db) ∈ E2
HK
. Hence da − dλ(b) ∈ ∧3
HK
. Then there is an element
γ ∈ ∧2
HK
such that
da− dλ(b) = dγ.
Hence (s, t) = (da, db) = (d(λ(b) + γ), db), where ((λ(b) + γ, b) ∈ E1
HK
.
Thus we have
H2(#HK) = H
3,0(X)⊕H2,1(X)⊕H1,2(X)⊕H3
HK
.
Similarly we see that
H1(#HK) = H
2,0(X)⊕H1,1(X)⊕H2
HK
H0(#HK) = H
1,0(X)

Proof of theorem 5-1. This follows from theorem 5-2. 
§6. G2 structures
Let V be a real 7 dimensional vector space with a positive definite
metric. We denote by S the spinors on V . Let σ0 be an element of S
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with ‖σ0‖ = 1. By using the natural inclusion S ⊗ S ⊂ ∧∗V ∗, we have
a calibration by a square of spinors,
σ0 ⊗ σ0 = 1 + φ0 + ψ0 + vol,
where vol denotes the volume form on V and φ0 ( resp. ψ0 ) is called
the associative 3 form ( resp. coassociative 4 form ). Our construction
of these forms in terms of spinors is written in chapter IV §10 of [20] and
in section 14 of [11]. Background materials of G2 geometry are found
in [13],[15] and [24]. We also have an another description of φ0 and ψ0.
We decompose V into a real 6 dimensional vector space W and the one
dimensional vector space R. Let (Ω0, ω0) be an element of Calabi-Yau
structure on W and t a nonzero 1 form on R. Then the 3 form φ0 and
the 4 form ψ0 are respectively written as
φ0 = ω0 ∧ t+ Im Ω0, ψ0 = 1
2
ω0 ∧ ω0 −Re Ω0 ∧ t.
Then as in section 1, we define G2 orbit O = OG2 as
OG2 = { (φ, ψ) = (ρgφ0, ρgψ0) | g ∈ GL(V ) }.
Note that the isotropy group is the exceptional Lie group G2. We denote
by AG2(V ) the orbit OG2 . Let X be a real 7 dimensional compact
manifold. Then we define a GL(7,R)/G2 bundle AG2(X) by
AG2(X) =
⋃
x∈X
AG2(TxX).
Let E1G2 be the set of smooth global sections of AG2(X),
E1G2(X) = Γ(X,AG2(X)).
Then the moduli space of G2 structures over X is given as
MG2(X) = { (φ, ψ) ∈ E1G2 | dφ = 0, dψ = 0 }/Diff0(X).
We shall prove unobstructedness of G2 structures.
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Theorem 6-1. The orbit OG2 is metrical, elliptic and topological.
The rest of this section is devoted to prove theorem 6-1. In the case
of G2, each E
i is written as
E0 = E0G2 = { (ivφ0, ivψ0) ∈ ∧2 ⊕ ∧3 | v ∈ V }
E1 = E1G2 = { (ρξφ0, ρξψ0) ∈ ∧3 ⊕ ∧4 | ξ ∈ gl(V ) }
E2 = E2G2 = { (θ ∧ φ, θ ∧ ψ) ∈ ∧4 ⊕ ∧5 | θ ∈ ∧1, (φ, ψ) ∈ E1G2 }.
The Lie group G2 is a subgroup of SO(7) and we see that G2 = { g ∈
GL(V ) | ρgφ0 = φ0 }. Hence we have the metric gφ corresponding to each
3 form φ. Let ∗φ be the Hodge star operator with respect to the metric
gφ. Then a non linear operator Θ(φ) is defined as
(1) Θ(φ) = ∗φφ.
According to [13], the differential of Θ at φ is described as
(2) J(φ) = dΘ(a)φ =
4
3
∗ pi1(a) + ∗pi7(a)− ∗pi27(a),
for each a ∈ ∧3, where we use the irreducible decomposition of 3 forms
on V under the action of G2,
(3) ∧3 = ∧31 + ∧37 + ∧327,
and each pii is the projection to each component for i = 1, 7, 27, ( see
also [12] for the operator J ). From (1) the orbit OG2 is written as
(4) OG2 = { (φ,Θ(φ)) |φ ∈ ∧3 }.
Since E1G2(V ) is the tangent space of the orbit OG2 at (φ0, ψ0), from (2)
the vector space E1G2(V ) is also written as
(5) E1G2(V ) = { (a, Ja) ∈ ∧3 ⊕ ∧4 | a ∈ ∧3 }.
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Let X be a real 7 dimensional compact manifold and (φ0, ψ0) a closed
element of E1G2(X). Then we have a vector bundle EiG2(X)→ X by
(6) EiG2(X) =
⋃
x∈X
EiG2(TxX),
for each i = 0, 1, 2. Then we have the complex #G2 ,
0 −−−−→ Γ(E0G2)
d0−−−−→ Γ(E1G2)
d1−−−−→ Γ(E2G2) −−−−→ · · · .
The complex #G2 is a subcomplex of the de Rham complex,
0 −−−−→ Γ(E0G2)
d0−−−−→ Γ(E1G2)
d1−−−−→ Γ(E2G2)
d2−−−−→ · · ·y y y
· · · −−−−→ Γ(∧2 ⊕ ∧3) d−−−−→ Γ(∧3 ⊕ ∧4) d−−−−→ Γ(∧4 ⊕ ∧5) d−−−−→ · · · .
Then we have the map p1 : H1(#G2)→ H3(X)⊕H4(X) and p2 : H2(#G2)→
H4(X)⊕H5(X). The following lemma is shown in [12].
Lemma 6-2. Let a3 = db2 be an exact 3 form, where b2 ∈ Γ(∧2). If
dJdb2 = 0, then there exists γ2 ∈ Γ(∧27) such that db2 = dγ2.
We shall show that p1 is injective by using lemma 6-2.
Proposition 6-3. Let α = (a3, a4) be an element of Γ(E1G2). We as-
sume that there exists (b2, b3) ∈ Γ(∧2 ⊕ ∧3) such that
(7) (a3, a4) = (db2, db3).
Then there exists γ = (γ2, γ3) ∈ Γ(E0G2) satisfying
(db2, db3) = (dγ2, dγ3).
Proof. From (5) an element of Γ(E1G2) is written as
(a3, a4) = (a3, Ja3).
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From (7) we have
(8) dJdb2 = da4 = ddb3 = 0
From lemma 6-2 we have γ2 ∈ Γ(∧27) such that
(9) db2 = dγ2.
Since γ ∈ Γ(∧27), γ is written as
(10) γ = ivφ
0,
where v is a vector field. Since φ0 is closed, dγ is given by the Lie
derivative,
(11) dγ = divφ
0 = Lvφ
0.
Then since Diff0 acts on E1G2 , (Lvφ0, Lvψ0) = (divφ0, divψ0) is an ele-
ment of Γ(E1G2). Hence from (5), we see
(12) divψ
0 = Jdivφ
0 = Jdγ2.
From (12) we have
(13) (db2, db3) = (db2, Jdb2) = (divφ, divψ),
where (ivφ
0, ivψ
0) ∈ Γ(E0G2). 
Next we shall show that p2 is injective.
Lemma 6-4. Let V be a real 7 dimensional vector space with a G2
structure Φ0V . Let u be a non-zero one form on V . Then for any two
form η there exists γ ∈ ∧214 such that
u ∧ J(u ∧ η) = u ∧ J(u ∧ γ) = −2 ∗ ‖u‖γ,
ivγ = 0,
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where v is the vector which is metrical dual of the one form u and ∗ is
the Hodge star operator.
Proof. The two forms ∧2 is decomposed into the irreducible representa-
tions of G2,
∧2 = ∧27 ⊕ ∧214.
We denote by η7 the ∧27-component of η ∈ ∧2. The subspace u∧∧2 is
defined by {u ∧ η ∈ ∧3|η ∈ ∧2}. we also denote by u∧∧27 the subspace
{u ∧ η7 ∈ ∧3|η ∈ ∧2}. Then we have the orthogonal decomposition ,
(6-4-1) u∧∧2 = u∧ ∧27 ⊕(u∧∧27)⊥,
where (u∧∧27)⊥ is the orthogonal complement. By the decomposition
6-4-1, u ∧ η is written as
(6-4-2) u ∧ η = u ∧ η7 + u ∧ ηˆ.
for ηˆ ∈ ∧2. Then we see that
(6-4-3) iv(u ∧ ηˆ) ∈ ∧214.
Since η7 is expressed as iwφ
0 for w ∈ V , we have
u ∧ J(u ∧ η7) =u ∧ J(u ∧ iwφ0)
=u ∧ Jρˆaφ0,
where a = w ⊗ u ∈ V ⊗ V ∗ ∼=End(V ). Since Jρˆaφ0 = ρˆaψ0,
u ∧ Jρˆaφ0 = u ∧ ρˆaψ0 = u ∧ (u ∧ iwψ0) = 0.
Hence
(6-4-4) u ∧ J(u ∧ η7) = 0.
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Then by 6-4-2 we have
(6-4-5) u ∧ J(u ∧ η) = u ∧ J(u ∧ ηˆ).
ηˆ is written as
(6-4-6) ηˆ =
1
2‖u‖2 (iv(u ∧ ηˆ) + u ∧ iv ηˆ).
We define γ by
γ =
1
2‖u‖2 iv(u ∧ ηˆ).
By 6-4-3, γ ∈ ∧214. By 6-4-5,6 we have
(6-4-7) u ∧ J(u ∧ η) = u ∧ J(u ∧ γ).
Since γ ∈ ∧214, γ ∧ ψ0 = 0. Then it follows that
(6-4-8) ψ0 ∧ u ∧ γ = 0.
We also have ∗γ = −γ ∧ φ0 from γ ∈ ∧214. Since ivγ = 0, we have
u ∧ (∗γ) = 0. Thus
(6-4-9) φ0 ∧ u ∧ γ = 0.
By 6-4-8 and 6-4-9, we have
(6-4-10) u ∧ γ ∈ ∧327.
Then by 6-4-7,
u ∧ J(u ∧ η) =u ∧ J(u ∧ γ)
=− u ∧ ∗(u ∧ γ) = − ∗ ivu ∧ γ
=− 2‖u‖2(∗γ)

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Proposition 6-5. Let E2G2(V ) be the vector space as in before. Then
we have an exact sequence,
0 −−−−→ ∧514 −−−−→ E2G2(V ) −−−−→ ∧4 −−−−→ 0
Proof. The map E2G2 → ∧4 is the projection to the first component. We
denote by Ker the Kernel of the map E2G2 → ∧4. We shall show that Ker∼= ∧514. Let {v1, v2, · · · , v7} be an orthonormal basis of V . We denote by
{u1, u2, · · · , u7} the dual basis of V ∗. Let (s, t) be an element of E2G2(V ),
where s ∈ ∧4 and t ∈ ∧5. Then we have the following description:
(6-5-1) s = u1 ∧ a1 + u2 ∧ a2 + · · ·+ u7 ∧ a7,
(6-5-2) t = u1 ∧ Ja1 + u2 ∧ Ja2 + · · ·+ u7 ∧ Ja7.
where a1, a2, · · · , a7 ∈ ∧3 satisfying
ivlam = 0,∀l < m.
We assume that (s, t) ∈Ker. Then s = 0. By 6-5-1, we see that ul ∧al =
0, for all l. Hence each al is written as
(6-5-3) al = u
l ∧ ηl
where ηl ∈ ∧2. By (6-5-2) we have
t =
7∑
l=1
ul ∧ J(ul ∧ ηl).
Then it follows from lemma 6-4 there exists γl such that
t =
7∑
l=1
ul ∧ J(ul ∧ γl) = −2
7∑
l=1
‖ul‖2(∗γl),
where γl ∈ ∧214. Hence t ∈ ∧514. Therefore we see that Ker = ∧514. 
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Lemma 6-6. Let X be a compact 7 dimensional manifold with G2 struc-
ture Φ0, (i.e., dΦ0 = 0). Then for any two form η there exists γ ∈ ∧214
such that
dJdη = dJdγ = − ∗△γ,
d∗γ = 0.
Proof. We denote by d∧2 the closed subspace {dη|η ∈ ∧2}. Since d∧27 =
{dη7|η7 ∈ ∧27} is the closed subspace of d∧2, we have the decomposition,
(6-6-1) d∧2 = d ∧27 ⊕ (d∧27)⊥
where (d∧27)⊥ denotes the orthogonal subspace of d∧27. By 6-6-1, dη is
written as
dη = dη7 + dηˆ,
where dηˆ ∈ (d∧27)⊥. Hence we have
(6-6-2) d∗dηˆ ∈ ∧214
As in the proof of lemma 6-4, η7 is written as iwφ
0 for some w ∈ TX.
Hence
(6-6-3) dJdη7 = dJdiwφ
0 = dJLwφ
0 = dLwψ
0 = ddiwψ
0 = 0.
Thus dJdη = dJdηˆ. By the Hodge decomposition, we have
ηˆ = Harm(ηˆ) + dd∗Gηˆ + d∗dGηˆ,
where Harm(ηˆ) is the harmonic part of ηˆ and G denotes the Green
operator. We define γ by
γ = d∗dGηˆ.
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Then by Chern’s theorem ( pi7G = Gpi7) and 6-6-2, we see that γ ∈ ∧214.
Then dηˆ = dγ and d∗γ = 0. Since γ ∈ ∧214, we have γ ∧ ψ0 = 0 and
∗γ = −γ ∧ φ0. Hence we have
dγ ∧ φ0 = 0,(6-6-4)
dγ ∧ ψ0 = 0.(6-6-5)
Hence it follows from 6-6-4,5 that
(6-6-6) dγ ∈ ∧327.
Then by 6-6-6,
dJdγ = −d ∗ dγ = − ∗△γ.
By 6-6-3,
dJdη = − ∗△γ.

Proposition 6-7.
H2(#G2) = H
4(X)⊕H514(X).
In particular,
p2 : H2(#G2) −→ H4(X)⊕H5(X)
is injective.
Proof. Let (s, t) be an element of E2G2(X). We assume that s, t are exact
forms respectively,i.e.,
(6-7-1) s = da, t = db,
for some a ∈ ∧3 and b ∈ ∧4. Then we shall show that there exists a˜ ∈ ∧3
such that da = da˜ and db = dJa˜. Since (da, dJa) is an element of E2G2 ,
it follows from proposition 6-5 that
(6-7-2) db− dJa ∈ ∧514.
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We shall show that there exists η ∈ ∧2 satisfying,
(6-7-3) db = dJ(a + dη)
In order to solve the equation (6-7-3), we apply lemma 6-6. Then there
exists γ ∈ ∧214 such that
dJdη = − ∗△γ(6-7-4)
d∗γ = 0.
Substituting 6-7-4 to the equation (6-7-3), we have
(6-7-5) − ∗△γ = db− dJa
Then by (6-7-2), there exists a solution γ of the equation (6-7-5),
γ = −G ∗ (db− dJa) ∈ ∧214.
Hence if we set a˜ = a+ dγ, (s, t) is written as
s = da˜ = d(a+ dγ),
t = dJa˜ = dJ(a + dγ)
Therefore p2 : H2(#G2) → H4(X) ⊕ H5(X) is injective. Furthermore
we consider harmonic forms H4(X) and H514(X). By Chern’s theorem
H4(X)⊕H514(X) ∼= H4(X)⊕H514(X). Since the complex #G2 is elliptic,
H2(#G2) is represented by harmonic forms of the complex #G2 ,.i.e.,
H2(#G2)
∼= H2(#G2)
Then we see that there is the injective map
H
4(X)⊕H514(X)→ H2(#G2).
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Since p2 is injective, we have
H2(#G2)
∼= H4(X)⊕H514(X).

proof of theorem 6-1. By proposition 6-3 and proposition 6-7, we have
H0(#G2)
∼= H27 (X) ∼= H37 (X)
H1(#G2)
∼= H3(X) ∼= H4(X)
H2(#G2)
∼= H4(X)⊕H514(X).
Hence we have the result.
§7. Spin(7) structures
Let V be a real 8 dimensional vector space with a positive definite
metric. We denote by S the spinors of V . Then S is decomposed into
the positive spinor S+ and the negative spinor S−. Let σ+0 be a positive
spinor with ‖σ+0 ‖ = 1. Then under the identification S ⊗ S ∼= ∧∗V , we
have a calibration by the square of the spinor,
σ+0 ⊗ σ+0 = 1 + Φ0 + vol,
where vol denotes the volume form on V and Φ0 is called the Cayley
4 form on V (see [11], [20] for our construction in terms of spinors).
Background materials of Spin(7) geometry are found in [14],[15] and
[24]. we decompose V into a real 7 dimensional vector space W and the
one dimensional vector space R,
V =W ⊕ R.
Then a Cayley 4 form Φ0 is defined as
φ0 ∧ θ + ψ0 ∈ ∧4V ∗,
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where (φ0, ψ0) ∈ OG2(W ) and θ is non zero one form on R. We define
an orbit OSpin(7) = ASpin(7)(V ) by
OSpin(7) = { ρgΦ0 | g ∈ GL(V ) }.
Since the isotropy is Spin(7), the orbit OSpin(7) is written as
OSpin(7) = GL(V )/Spin(7).
Let X be a real 8 dimensional compact manifold. Then we define
ASpin(7)(X) by
ASpin(7)(X) =
⋃
x∈X
ASpin(7)(TxX) −→ X.
We denote by E1Spin(7)(X) the set of global section of ASpin(7)(X),
E1Spin(7)(X) = Γ(X,ASpin(7)(X)).
Then we define the moduli space of Spin(7) structures over X as
MSpin(7)(X) = {Φ ∈ E1Spin(7) | dΦ = 0 }/Diff0(X).
The following theorem is shown in [15]
Theorem 7-1. [15] The moduli space MSpin(7)(X) is a smooth manifold
with
dimMSpin(7)(X) = b
4
1 + b
4
7 + b
4
35,
where Harmonic 4 forms on X is decomposed into irreducible represen-
tations of Spin (7),
H
4(X) = H41 ⊕H47 ⊕H427 ⊕H435,
each b4i denoted dimH
4
i , for i = 1, 7, 27 and 35.
Note that H4(X) is decomposed into self dual forms and anti-self dual
forms,
H
4(X) = H+ ⊕H−,
where
H
+(X) = H41 ⊕H47 ⊕H427, H− = H435.
We shall show theorem 7-1 by using our method in section one.
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Theorem 7-2. The orbit OSpin(7) is metrical, elliptic and topological.
Since Spin(7) is a subgroup of SO(8), we have the metric gφ0 for each
Φ0 ∈ OSpin(7). For each Φ0 ∈ OSpin(7)(V ), ∧3 and ∧4 are orthogonally
decomposed into the irreducible representations of Spin(7),
∧3 = ∧38 ⊕ ∧348,
∧4 = ∧+ ⊕ ∧− = (∧41 ⊕ ∧47 ⊕ ∧427)⊕ ∧435,
where ∧pi denotes the irreducible representation of Spin(7) of i dimen-
sional. We denote by pii the orthogonal projection to each component.
Let X be a real 8 dimensional compact manifold with a closed form
Φ0 ∈ E1Spin(7)(X). Let gΦ0 be the metric corresponding to Φ0. Then
there is a unique parallel positive spinor σ+0 ∈ Γ(S+) with
σ+0 ⊗ σ+0 = 1 + Φ0 + vol,
where S+⊗S+ is identified with the subset of Clifford algebra Cliff ∼= ∧∗
( see [16]). By using the parallel spinor σ+0 , the positive and negative
spinors are respectively identified with following representations,
Γ(S+) ∼= Γ(∧41 ⊕ ∧47),
σ+ −→ σ+ ⊗ σ+0 ,(1)
Γ(S−) ∼= Γ(∧38),
σ− −→ σ− ⊗ σ+0 ,(2)
where σ± ∈ Γ(S±). Under the identification (1) and (2), The Dirac
operator D+ : Γ(S+)→ Γ(S−) is written as
pi8 ◦ d∗ : Γ(∧41 ⊕ ∧47) −→ Γ(∧38).
In particular Ker pi8 ◦ d∗ are Harmonic forms in Γ(∧41 ⊕ ∧47). Hence we
have
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Lemma 7-3.
Ker pi8 ◦ d∗ = H41(X)⊕H47(X).
In the case of Spin(7), each Ei = EiSpin(7) is given by
E0Spin(7) = ∧38, E1Spin(7) = ∧41 ⊕ ∧47 ⊕ ∧4−.
Let α be an element of Γ(E1Spin(7)(X)). We assume that
(3) dα = 0, pi8d
∗α = 0,
So that is, α is an element of H1(#), where # is the complex
0 −−−−→ Γ(E0Spin(7))
d0−−−−→ Γ(E1Spin(7))
d1−−−−→ Γ(E2Spin(7)) −−−−→ · · ·∥∥∥ ∥∥∥ ∥∥∥
· · · −−−−→ Γ(∧38) d−−−−→ Γ(∧41 ⊕ ∧47 ⊕ ∧−) d−−−−→ Γ(∧5) −−−−→ · · ·
(Note that d∗0 = pi8d
∗.) We decompose α into the self-dual form and the
anti-self-dual form,
α = α+ + α− ∈ Γ(∧+)⊕ Γ(∧−).
From (3) we have
dα+ + da− = 0
pi8 ∗ dα+ − pi8 ∗ dα− = 0.
Hence we have pi8d
∗α+ = 0. From lemma 7-3, we see that dα+ = 0.
Hence we also have dα− = 0 and it implies that α is a harmonic form
with respect to the metric gΦ0 . Hence the map p : H
1(#) ∼= H1(#) −→
H4(X) ∼= H4(X) is injective.
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Theorem 7-4. The cohomology groups of the complex #Spin(7) are re-
spectively given by
H0(#Spin(7)) ∼= H38 (X),
H1(#Spin(7)) ∼= H41 (X)⊕H47 (X)⊕H4−(X),
H2(#Spin(7)) = H
5(X),
In particular p1 and p2 are respectively injective.
Proof. It is sufficient to show that H2(#Spin(7)) = H
5(X). Since anti-self
dual forms ∧4− is the subset of E1Spin(7), we see that our result.
Proof of theorem 7-2. This follows from theorem 7-4.
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